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ABSTRACT 

A formula t ion  and computer program i s  developed f o r  t h e  geomet r ica l ly  

non l inea r  dynamic a n a l y s i s  of s h e l l s  of  r e v o l u t i o n  under  symmetric and 

asymmetric l oads .  The non l inea r  s t r a i n  energy exp re s s ion  i s  eva lua t ed  

us ing  l i n e a r  f u n c t i o n s  f o r  a l l  d isplacements ,  Five d i f f e r e n t  procedures  

a r e  examined f o r  so lv ing  t h e  equa t ions  of equ i l i b r ium wi th  Houbolt ' s  meth- 

od proving t o  b e  t h e  most s u i t a b l e .  So lu t ions  a r e  presen ted  f o r  t h e  sym- 

m e t r i c a l  and asymmetrical buckl ing  of shal low caps under s t e p  p re s su re  

l oad ings  and a  wide v a r i e t y  of o t h e r  problems inc lud ing  some h igh ly  non- 

l i n e a r  ones.  
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NOMENCLATURE 

row matrix 
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3 
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3 
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nodal displacements 

nodal velocities 
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cylindrical coordinate 

meridional distance along shell element 

shell thickness and time 

k.inetic energy and temperature 

temperature gradient 

internal energy 

displacements in meridional, circumferential and 
normal directions, respectively 

velocities in meridional, circumferential, and 
normal directions, respectively 

generalized displacement coefficients 

generalized velocity coefficients 

coefficient of thermal expansion in meridional 
direction 

c.oefficient of thermal expansion in circumferential 
direction 

parameter of generalized acceleration used in 
numerical method given in Ref. 20 

time increment 

midsurface strains 

c ircumferential angle 

Poisson's t.atio 

mass density 

slope of undeformed shell 



Subsc r ip t s  and Supe r sc r ip t s  

e  - - element 

L - - l i n e a r  and a t  s = L 

NL - - non l inea r  

m - - middle of element and degree of freedom of  element 

n  - - harmonic number 

0 - - i n i t i a l  va lue  

s - - merid iona l  d i r e c t i o n  

t - - thermal  e f f e c t  

e - - c i r c u m f e r e n t i a l  d i r e c t i o n  



INTRODUCTION 

The geometr ica l ly  nonl inear  s t a t i c  a n a l y s i s  of  s t r u c t u r e s  has made 

cons iderable  progress  s i n c e  t h e  o r i g i n a l  f i n i t e  element paper  by Turner ,  

1 
D i l l ,  Mart in ,  and Melosh. In  Ref. 1, i t  was proposed t h a t  t he  nonl in-  

e a r  problem be analyzed a s  a  sequence of l i n e a r  problems us ing  a  geo- 

me t r i c  s t i f f n e s s  matr ix.  This approach has been used by many inves t iga -  

t o r s  i n  more r ecen t  yea r s  and has  been r e f i n e d  t o  a  very h igh  degree.  

In  f a c t ,  i t  i s  s a f e  t o  say t h a t  t h e  geometric s t i f f n e s s  method approach 

is  the  most widely used method f o r  t he  geometr ica l ly  non l inea r  a n a l y s i s  

of s t r u c t u r e s  by the  mat r ix  displacement method wi th  t h e  Newton-Raphson 

method of s o l u t i o n  being a  d i s t a n t  second. Rather exhaus t ive  survey 

a r t i c l e s  on t h e  non l inea r  a n a l y s i s  of s t r u c t u r e s  by ma t r ix  methods have 

been presented  by   art in? and Oden. 
3 

For a  s h e l l  of r evo lu t ion  under asymmetrical loading ,  t h e  incremen- 

t a l  s t i f f n e s s  method i s  d i f f i c u l t  t o  apply due t o  t h e  coupling which t h e  

nonl inear  terms in t roduce  among the  va r ious  Four ie r  harmonics. This  g ives  

r i s e  t o  a  l a r g e  number of equat ions which must be  so lved  a f t e r  new coef- 

f i c i e n t s  a r e  generated a t  each load increment.  For example, twenty har -  

monics and f i f t y  elements would g ive  r i s e  t o  4080 equat ions  of equi l ibr ium.  

The d i f f i c u l t y  of repeated s o l u t i o n s  of a  l a r g e  number of equa t ions  

has been circumvented by S t r i c k l i n ,  H a i s l e r ,  MacDougall, and Stebbins  
4 

who p lace  the  nonl inear  terms on t h e  right-hand s i d e  of t he  equat ions  of  

equi l ibr ium and t r e a t  them as a d d i t i o n a l  loads .  The method of s o l u t i o n  

i s  by i t e r a t i o n  and has been found t o  y i e l d  accura te  r e s u l t s  f o r  a  l a r g e  

major i ty  o f  p r a c t i c a l  problems. For h ighly  non l inea r  problems, the 



e q u a t i o n s  a s  fo rmula ted  i n  Ref. 4 a r e  c u r r e n t l y  be ing  s o l v e d  by t h e  Newton- 

Raphson procedure  w i t h  t h e  c o u p l i n g  between harmonics be ing  ignored .  The 

p r e s e n t  paper  p r e s e n t s  an  e x t e n s i o n  of t h e  work p r e s e n t e d  i n  Ref. 4 t o  t h e  

n o n l i n e a r  dynamic a n a l y s i s  o f  s h e l l s  o f  r e v o l u t i o n  under  b o t h  symmetric and 

asymmetric l o a d i n g s .  It w i l l  b e  demonstra ted t h a t  t h e  approach p r e s e n t e d  

h e r e i n  i s  v a l i d  f o r  h i g h l y  n o n l i n e a r  problems. It i s  assumed i n  t h e  p r e s e n t  

work t h a t  t h e  m a t e r i a l  i s  e l a s t i c  and n o n l i n e a r i t i e s  a r e  due t o  moderate  

r o t a t i o n s .  

Computer programs f o r  t h e  l a r g e  d e f l e c t i o n  e l a s t i c - p l a s t i c  a n a l y s i s  

o f  beams, r i n g s ,  and p l a t e s  have been developed by W i t m e r ,  Balmer, Leech,  

6 
and p i a n 5  and Kr ieg  and Duffey. I n  Refs.  5 and 6 ,  t h e  governing e q u a t i o n s  

of mot ion a r e  w r i t t e n  i n  f i n i t e  d i f f e r e n c e  form i n  b o t h  s p a c e  and t i m e .  

The s o l u t i o n  is  s t r a i g h t - f o r w a r d  i n  t h a t  t h e  e q u a t i o n s  a r e  s o l v e d  sequen- 

t i a l l y  w i t h  no coup l ing  e x i s t i n g  between e q u a t i o n s .  C o r r e l a t i o n  s t u d i e s  

have been conducted by Duffey and ~e~ ,7 K r i e g ,  Duffey,  and ~e~ ,8 and Balmer 

and ~ i t m e r  . The c o r r e l a t i o n  s t u d i e s  have demonstra ted t h a t  t h e  computer 

programs a s  developed i n  Refs.  5 and 6 may be  used t o  compute a d e q u a t e l y  

t h e  l a r g e  d e f l e c t i o n  dynamic response  o f  h i g h l y  n o n l i n e a r  e l a s t i c - p l a s t i c  

s imple  s t r u c t u r e s .  

Leech,  Witmer, and p i a n l o  and Wrenn, Sobel  and ~ i l s b ~ "  have p r e s e n t e d  

f o r m u l a t i o n s  and computer programs f o r  t h e  n o n l i n e a r  a n a l y s i s  of g e n e r a l  

t h i n  s h e l l s .  The e q u a t i o n s  governing t h e  r e s p o n s e  o f  a s h e l l  under  a r b i -  

t r a r y  impuls ive  l o a d i n g  a r e  developed i n  t e n s o r  form and r e p r e s e n t e d  by 

f i n i t e  d i f f e r e n c e s  i n  s p a c e  and t i m e .  S o l u t i o n s  a r e  p r e s e n t e d  f o r  a  cy- 

l i n d r i c a l  panel'o and a c y l i n d e r .  I n  a d d i t i o n  t o  f i n i t e  d i f f e r e n c e s  i n  



t ime, t h e  Adams-Moulton and fou r th  o rde r  Runge-Kutta methods were used i n  

Ref. E l .  An i n t e r e s t i n g  conclusion drawn i n  Ref. l I  i s  t h a t  t h e  s i z e  of 

t h e  t i m e  increment needed f o r  numerical s t a b i l i t y  i n  t h e  f i n i t e  d i f f e r e n c e  

method of s o l u t i o n  i s  sma l l e r  than the  time increment needed t o  prevent  

excess ive  t runca t ion  e r r o r .  

S t a b i l i t y  s t u d i e s  on t h e  d i f f e r e n t  methods used t o  approximate the  

second d e r i v a t i v e s  i n  time have r e c e n t l y  been conducted by Leech, Hsu, 

and ~ a c k ,  l2 .Johnson ,13 ~ r i e ~ ,  l4 and Nicke l l .  l5 However, w i t h  t h e  except ion 

of Ref. 14 ,  t h e  s t u d i e s  have been l i m i t e d  t o  the  l i n e a r  equat ions  of  motion 

and a r e  no t  app l i cab le  to  t h e  non l inea r  ana lys i s .  I n  p a r t i c u l a r ,  t h e  un- 

cond i t i ona l  s t a b i l i t y  exh ib i t ed  by ~ o u b o l t ' s ' ~  and ~ e u m a r k ' s l ~  (y = k, 

f3 = $) methods f o r  the  l i n e a r  case  does no t  e x i s t  i n  t he  nonl inear  formu- 

l a t i o n  presented i n  t h i s  r e p o r t .  

I t  i s  apparent  from the  c i t e d  re ferences  t h a t  cons iderable  progress  

has been made i n  analyzing the e l a s t i c - p l a s t i c  non l inea r  dynamic behavior  

of s h e l l s  using f i n i t e  d i f f e r e n c e s  i n  t h e  s p a t i a l  coord ina tes .  However, 

l i t t l e  progress  has been made i n  the  a n a l y s i s  of the  non l inea r  dynamic 

behavior  of  s h e l l s  through t h e  f i n i t e  element approach. Fur ther ,  t h e r e  

does n o t  seem t o  e x i s t  any computer program which i s  capable of ana lyz ing  

the  non l inea r  asymmetrical dynamic behavior  of s h e l l s  of r e v o l u t i o n  i n  a  

reasonable period of computer time. The purpose of t he  p re sen t  paper  i s  

t o  p re sen t  such a  program and demonstrate through examples i t s  range of 

a p p l i c a b i l i t y  . 
The research  presented he re  uses  t h e  curved element of S t r i c k l i n ,  

Navaratna, and pian16 and the  displacement func t ion  of Grafton and Strorne. 
1.7 



1 8  
The n o n l i n e a r  s h e l l  theory of Novozhilov i s  assumed t o  b e  a p p l i c a b l e  

w i t h  t h e  f u r t h e r  assumption o f  s m a l l  s t r a i n s  and moderate  r o t a t i o n s  b e i n g  

made. Reference 4 p r e s e n t s  a  more complete review of t h e  p e r t i n e n t  l i t e r a -  

t u r e  and a  d e t a i l e d  d e s c r i p t i o n  o f  t h e  t h e o r e t i c a l  f o r m u l a t i o n .  However, 

miss ing  from Ref.  4 a r e  t h e  d i s c u s s i o n s  of t h e  works on t h e  l i n e a r  dynamic 

a n a l y s i s  of s h e l l s  of r e v o l u t i o n  by K l e i n  and ~ ~ l v e s t e r ' ~  and Popov and 

Chow. * K l e i n  and S y l v e s t e r  u s e  t h e  method of Chan, Cox and r en field" t o  

s o l v e  t h e  e q u a t i o n s  of e q u i l i b r i u m  whereas Popov and Chow u s e  t h e  modal 

a n a l y s i s .  The r e s u l t s  o b t a i n e d  by b o t h  methods which a r e  p r e s e n t e d  i n  

Ref. 1 9  a r e  i n  good agreement f o r  a  s p h e r i c a l  cap under a  s t e p  p r e s s u r e  

l o a d i n g .  Th is  same problem i s  ana lyzed  h e r e i n  and t h e  r e s u l t s  a r e  p re -  

s e n t e d  i n  a  l a t e r  s e c t i o n .  

I n  t h e  e a r l i e r  s t a g e s  of t h e  r e s e a r c h  p r e s e n t e d  h e r e i n ,  t h e  method 

of Ref. 20 was used f o r  s o l u t i o n s .  I n  f a c t ,  a  t e c h n i c a l  n o t e 2 1  h a s  been 

p u b l i s h e d  on t h e  axisymmetric dynamic b u c k l i n g  o f  s h a l l o w  c a p s  under  s t e p  

p r e s s u r e  l o a d i n g  i n  which t h e  method of Ref. 20 i s  used t o  s o l v e  t h e  equa- 

t i o n s  o f  e q u i l i b r i u m .  However, more r e c e n t  s t u d i e s  have shown t h a t  Houbol t ' s  

methodt2 i s  more s t a b l e  and the reby  more e f f i c i e n t  t h a n  t h e  method o f  

Ref. 20 f o r  s o l v i n g  h i g h l y  n o n l i n e a r  problems. Consequent ly ,  most o f  t h e  

r e s u l t s  p r e s e n t e d  i n  t h i s  r e p o r t  a r e  based on I loubol t ' s  method of s o l u t i o n .  

"Presented a s  Addendum i n  Reference 19.  



FORMULATION OF PROBLEM 

General Development 

The purpose of t h i s  s e c t i o n  is  t o  p re sen t  a conc ise  formula t ion  of 

t he  problem, omi t t i ng  most of t h e  d e t a i l e d  d i s cus s ion ,  bu t  enabl ing  t h e  

r eade r  t o  o b t a i n  a  b a s i c  knowledge of t h e  o v e r a l l  problem. Deta i led  

d e r i v a t i o n s  a r e  presen ted  i n  l a t e r  s e c t i o n s .  

The non l inea r  dynamic and thermal a n a l y s i s  of s h e l l s  of r e v o l u t i o n  

may be  s i m p l i f i e d  by employing t h e  s t a t i c  a n a l y s i s  and extending i t  t o  

i nc lude  dynamic and thermal e f f e c t s .  

The equa t ions  of equ i l i b r ium f o r  t he  s t a t i c  case  a r e  of t h e  form 

and i n c l u s i o n  of the  i n e r t i a  and thermal terms y i e l d s  t h e  equa t ions  of 

motion a s  

where 

[M?] = symmetric mass ma t r ix  f o r  harmonic n 

(4") = column mat r ix  of genera l ized  a c c e l e r a t i o n s  f o r  
harmonic n  

n  
[K 1 = symmetric s t i f f n e s s  ma t r ix  f o r  harmonic n  

n  
{q = column ma t r ix  of gene ra l i zed  displacements  f o r  

harmonic n  



{ Q ~ }  = column ma t r ix  of generti l ized f o r c e s  f o r  harmonic n 

Q = column ma t r ix  of l i n e a r  thermal pseudo loads  f o r  har -  
monic m 

a u ~ ~  {y-} = column mat r ix  of genera l ized  pseudo f o r c e s  due t o  non- 
a l i n e a r i  t ies 

d U 
NL 

{:} = column mat r ix  of  thermal pseudo loads  due t o  non l inea r  
aqLf terms i n  exp re s s ions  f o r  midsurface s t r a i n s  

The second and f o u r t h  terms o f  t h e  right-hand s i d e  of Eq. 2 r e s u l t  

from cons ider ing  the  s t r a i n  energy express ion  a s  

where 

UL 
= s t r a i n  energy us ing  l i n e a r  theory 

U: = s t r a i n  energy which accounts  f o r  thermal e f f e c t s  us ing  
l i n e a r  theory 

UNL = s t r a i n  energy due t o  a d d i t i o n  of non l inea r  terms i n  
midsurf ace  s t r a i n s  

t 
UNL = s t r a i n  energy which accounts  f o r  thermal e f f e c t s  re- 

s u l t i n g  from non l inea r  terms i n  midsurface s t r a i n s  

The element mass ma t r ix  has been der ived  us ing  energy p r i n c i p l e s  

and inc ludes  t h e  e f f e c t s  of r o t a r y  i n e r t i a .  The element s t i f f n e s s  mat r ix  

i s  obta ined  from t h e  express ion  f o r  U Both ma t r i ce s  a r e  computed i n  
L ' 

t h e  f i r s t  p a r t  of t h e  computer code c a l l e d  DYNASOR I (Dynamic - - Nonlinear  

Analysis  o f  S h e l l s  Of Revolution) which gene ra t e s  mass and s t i f f n e s s  ma- - - - - 

t r i c e s  and geometric p r o p e r t i e s  and w r i t e s  them on tape  f o r  i n p u t  t o  t h e  

second p a r t  of t he  code, DYNASOR 11. 



n  
The term {Q 1 r e p r e s e n t s  g e n e r a l i z e d  f o r c e s  a r i s i n g  from mechanical  

l o a d s  and i s  e v a l u a t e d  by c o n s i d e r i n g  t h e  work p o t e n t i a l  due t o  e x t e r n a l  

f o r c e s  t o  b e  t h e  same a s  i n  l i n e a r  t h e o r y  and fo l lowing  t h e  p r o c e d u r e  

A d e t a i l e d  d i s c u s s i o n  of t h e  computat ion o f  t h e  thermal  l o a d s  i s  p r e -  

s e n t e d  i n  a  l a t e r  s e c t i o n .  

The term (-1 which r e p r e s e n t s  t h e  g e n e r a l i z e d  pseudo f o r c e s  due 
aqn 

t o  n o n l i n e a r i t i e s  i s  o b t a i n e d  by r e t a i n i n g  s t r a i n  energy terms c o n t a i n -  

i n g  t h e  r o t a t i o n s  r a i s e d  t o  t h e  f o u r t h  power. The e v a l u a t i o n  i s  performed 

by u s i n g  l i n e a r  f u n c t i o n s  f o r  a l l  d i s p l a c e m e n t s  and s t r i p  i n t e g r a t i o n  o v e r  

t h e  l e n g t h  of t h e  e lement ,  whereas i n t e g r a l s  i n  t h e  c i r c u m f e r e n t i a l  d i r e c -  

t i o n  a r e  e v a l u a t e d  e x a c t l y .  Th i s  and t h e  f a c t  t h a t  t h e  m e r i d i o n a l  and 

normal d i sp lacements  a r e  r e p r e s e n t e d  by o n l y  a F o u r i e r  c o s i n e  series and 

t h e  t a n g e n t i a l  d i sp lacements  by a  s i n e  series i n  t h e  c i r c u m f e r e n t i a l  

a n g l e  8 ,  make t h e  procedure  d i f f e r e n t  from t h e  one employed i n  t h e  s t a t i c  

c a s e  which i s  d e s c r i b e d  i n  Ref. 4. The a p p l i c a t i o n  of boundary c o n d i t i o n s  

t o  t h e  z e r o  harmonic has  a l s o  been modi f i ed  f o r  t h e  c a s e  o f  a  c l o s e d  s h e l l .  

I n  t h i s  i n s t a n c e  t h e  r a d i a l  d isplacement  and a n g u l a r  r o t a t i o n  a t  t h e  apex 

i n  t h e  ze ro  harmonic a r e  s p e c i f i e d  a s  be ing  ze ro  i n  t h e  i n i t i a l  i n f o r m a t i o n  

t o  DYNASOR 11. This  i s  a known boundary c o n d i t i o n  and i s  s p e c i f i e d  t o  as-  

s u r e  b e t t e r  numer ica l  s t a b i l i t y  f o r  t h e  h i g h l y  n o n l i n e a r  problems. Th is  

new f o r m u l a t i o n  p e r m i t s  a c c u r a t e  r e s u l t s  and c i rcumvents  t h e  problem of 

hav ing  t o  r e s o r t  t o  secondary s t o r a g e  on t h e  computer. The code f o r  t h e  

I B M  360165 p r e s e n t l y  a l lows  t h e  s o l u t i o n  o f  a  problem r e q u i r i n g  f i v e  F o u r i e r  

harmonics which may be s e l e c t e d  from a  s e t  of twenty and i t  may b e  extended 

t o  i n c l u d e  t e n  w i t h o u t  encounte r ing  s t o r a g e  d i f f i c u l t i e s  on computers 



such a s  t h e  CDC 6600 where double p r e c i s i o n  i s  n o t  needed. The ze ro  

harmonic must be included i n  t h e  s e t .  

Several  methods f o r  numerically i n t e g r a t i n g  t h e  equat ions of motion 

were i n v e s t i g a t e d  and Houbolt 'c method was found to  be the  b e s t .  This  

method permits  use of  a  reasonable time increment wi thout  encounter ing 

numerical i n s t a b i l i t y .  I f  a  p a r t i c u l a r  time increment i s  found t o  be 

numerical ly  uns t ab le ,  a  r e s t a r t  op t ion  of t h e  computer code allows t h e  

program t o  be r e s t a r t e d  from a c e r t a i n  time wi th  a  reduced i n t e r v a l  of 

t ime. 

Considerable time has been devoted t o  opt imizing t h e  computer 

ope ra t ions  i n  t h e  var ious  subrout ines  and t h e  n e t  r e s u l t  i s  a computer 

code t h a t  y i e l d s  accu ra t e  r e s u l t s  t o  complex problems i n  s h o r t  per iods  

of time. Few problems r e q u i r e  more than 30 minutes of t i m e  on t h e  IBM 

360165 computer. 

Mass Matrix 

The element mass ma t r ix ,  which inc ludes  t h e  e f f e c t s  of r o t a r y  in-  

e r t i a ,  may be obtained by considering t h e  express ion  f o r  the  k i n e t i c  

energy 



. . 
where t h e  v e l o c i t i e s ,  u ,  v ,  and &, a r e  given by 

and 

aw 
d l  0 

;23 = - [- (- - vo cos  $ ) I  d t  r a8 

i i ir = C ( + d s )  s i n  i 8  
O i = o  7 8 

and 

dm = d i f f e r e n t i a l  mass element  

i = i n t e g e r  cor responding  t o  terms be ing  used  i n  
F o u r i e r  expansion - must i n c l u d e  i = 0. 

The sum i s  over  t h e  t o t a l  number o f  ha r -  
monics used.  



S u b s t i t u t i n g  Eqs. 5 and 6 i n t o  Eq. 4 ,  t he  k i n e t i c  energy may b e  ex- 

pressed  a s  a  quadra t i c  form i n  t h e  genera l ized  v e l o c i t y  c o e f f i c i e n t s ,  

The {&I ma t r ix  is r e l a t e d  t o  t h e  v e l o c i t i e s  of t h e  genera l ized  s t r u c t u r a l  

coo rd ina t e s ,  (41,  by the  t ransformat ion  

The ma t r ix  [A]  is  given i n  Ref. 4 and t h e  elements of [MI a r e  

l i s t e d  i n  t he  Appendix A. 

When r o t a r y  i n e r t i a  i s  included,  t h e  element mass ma t r ix  becomes a 

func t ion  of t h e  harmonic number and a  d i f f e r e n t  element mass ma t r ix  must 

be c a l c u l a t e d  f o r  each Fourier  harmonic. This computation i s  c a r r i e d  

out  by f i r s t  express ing  t h e  k i n e t i c  energy i n  terms of t h e  gene ra l i zed  

v e l o c i t y  c o e f f i c i e n t s ,  6. and then  employing t h e  same congruent t r ans -  
n  ' 

formation used f o r  element s t i f f n e s s  mat r ices .  I n  t h i s  manner, t h e  e l e -  

ment mass mat r ix  may be expressed a s  

This c a l c u l a t i o n ,  along wi th  the  computation of element s t i f f n e s s  

ma t r i ce s  and geometric p r o p e r t i e s ,  is  performed i n  t h e  f i r s t  p a r t  of t h e  

computer code, DYNASOR I. 



Nonlinear Terms 

Two major changes i n  t h e  t reatment  of t h e  f o r c e s  due t o  non l inea r i -  

t i e s  have been made over  t h a t  presented  i n  Ref. 4. These a r e :  

1. The fou r th  order  terms i n  t h e  s t r a i n  energy express ion  a r e  re- 

ta ined .  It has been found during the  course  of t h i s  i n v e s t i g a t i o n  t h a t  

t he  r e t e n t i o n  of t h e  fou r th  o r d e r  terms is  abso lu t e ly  e s s e n t i a l  f o r  a l l  

problems where the  non l inea r  terms a r e  s u b s t a n t i a l .  For example, a s  re-  

por ted  i n  Ref. 2 1 ,  f o r  a  shal low s h e l l  parameter of 7.5,  t h e  r a t i o  of 

t h e  dynamic buckl ing load  t o  t h e  c l a s s i c a l  s t a t i c  buckl ing load changes 

from .38 t o  .50 when t h e  fou r th  order  terms a r e  included.  

The s i g n i f i c a n c e  of t he  fou r th  o rde r  terms i n  t he  s t a t i c  s o l u t i o n  of 

cap-torus-cylinder con f igu ra t ions  under symmetric and asymmetrical l oads  

i s  i l l u s t r a t e d  i n  Figs.  1-5. These r e s u l t s  a r e  f o r  t he  same problems 

presented  i n  Ref. 4 and, a f t e r  inc luding  the  fou r th  o rde r  terms, ag ree  

exac t ly  with the  r e s u l t s  presented by ~ u s h n e l l . ~ ~  A l l  t he  copies  of t he  

computer program f o r  t he  nonl inear  s t a t i c  a n a l y s i s  r e l ea sed  by Texas A&M 

Univers i ty  inc lude  t h e  fou r th  o r d e r  terms. 

2 .  The genera l ized  f o r c e s  due t o  n o n l i n e a r i t i e s  a r e  eva lua ted  us ing  

l i n e a r  displacement func t ions  i n  a l l  v a r i a b l e s  and s t r i p  i n t e g r a t i o n  over  

t h e  l eng th  of the  element. The i n t e g r a l s  around the  circumference a r e  

eva lua ted  i n  closed form f o r  the  p a r t i c u l a r  harmonics chosen. This  s impli-  

f i c a t i o n  over  t h a t  presented i n  Ref. 4 permits  t h e  fo rces  due t o  non l inea r i -  

t i e s  t o  be evaluated wi thout  the use of aux i l a ry  computer s to rage .  The 

purpose of t he  remainder of t h i s  s e c t i o n  i s  t o  d i scuss  t h e  na tu re  of  t he  

approximation and present  t h e  d e t a i l s  of t h e  d e r i v a t i o n .  

The s t r a i n  energy of a n  element due t o  n o n l i n e a r i t i e s  i n  t h e  s t r a i n -  

displacement r e l a t i o n ,  inc luding  the  fou r th  o rde r  terms, i s  given by 



A 
where e e\ , and e a r e  t h e  express ions  f o r  t he  mer id iona l ,  c i r -  

S '  e s e  
cumferent ia l ,  and shea r  s t r a i n  based on l i n e a r  

theory.  

A 4 
e and e 

13 23 
a r e  r o t a t i o n s  about  t h e  c i r cumfe ren t i a l  and 

meridional  coord ina tes ,  r e spec t ive ly .  

C1, C2 ,  G1, and use a r e  m a t e r i a l  cons tan ts .  

s and 0 a r e  mer id iona l  and c i r cumfe ren t i a l  coord ina tes  

a s  shown i n  Fig. 6 

The genera l ized  fo rces  due t o  t h e  n o n l i n e a r i t i e s  a r e  given by 

a U ~ ~  
n where m i s  the  degree of freedom f o r  t he  element (Fig.  6)  and n 

34, 
LU 

i s  t h e  harmonic number. Applying the  opera t ion  t o  t h e  s t r a i n  energy 

y i e l d s  



I n  t h i s  research ,  only the  cos ine  terms f o r  u  and w and t h e  s i n e  

terms f o r  v a r e  r e t a ined  i n  t h e  expansion. Thus, s u b s t i t u t i n g  Eqs. 1 9  

of Ref. 4 ,  us ing  s t r i p  i n t e g r a t i o n  over  t h e  meridional  l eng th ,  s ,  and 

eva lua t ing  t h e  t r igonometr ic  i n t e g r a l s  around the  circumference, t h e  

f o r c e s  on the  element due t o  n o n l i n e a r i t i e s  become 

- - 
a 'NL r L i j n  i jn 

m 
aen 

- = -  i s 
e j  + v  c e  e J ) -  

n { ( '1 e13 1 3  
aqm 

2  i = o  j=o 
23 23 aq: 

- - n - - 
i jn  i jn i j n  i j 

a en 
e j  + v 

s 0  + , G ei e j  - 
+ ( C 2 e : 3  23 sf3 C 1 e 1 3 e 1 3 ) 7  1 1 3  23 

aqm aq; 

-- 
i jn  i j n  i jn  i j i j i 

aen 
+ (2  Cl e  

2  3  
C e  e  + 2  G 1 e s 0 e i 3 ) -  

s e13+2vs f3  1 0 1 3  
aq: 



r E i j k n  
+ -  j k  Z I Z i C1 e13 e13 e13 

2  i = O  j = O  k=o 

i jEn i jEn i j k  aen 
1 3  + (vSB C1 + 2  G1 ) eZ3  e23  1 - 

a; 

---- 
i jEG i jEG n  

i j k n  
k  i j k  + [ c2 e i 3  e i 3  e23 + (vse c1 + 2 G~ ) e13 e13 e23 1 

where r = va lue  of r a t  middle of element 
m 

L = l eng th  of element 

i 
e  = c o e f f i c i e n t  of s i n  i 0  o r  cos i 0  i n  t h e  express ions  f o r  t he  

s t r a i n s  and r o t a t i o n s  f o r  harmonic i a t  t h e  middle of t h e  
element 

The s u p e r s c r i p t s  over  t he  m a t e r i a l  cons t an t s ,  C1, C 2 ,  G i n d i c a t e  t h a t  
1 

t h e  m a t e r i a l  cons t an t  is  m u l t i p l i e d  by the  i n t e g r a l  of t h e  t r igonometr ic  

func t ions .  For example, 

2 7r 
i j k n  

C1 = C1 / cosi0 cos j 0  coske cosn0 d0 

0 

A ba r  over  i ,  j ,  k ,  o r  n  i n d i c a t e s  t h a t  cos0 i s  rep laced  by s in0  i n  t he  

i n t e g r a l .  The s t r a i n s  and r o t a t i o n s  a r e  eva lua ted  a t  the  c e n t e r  of the  

element . 
The eva lua t ion  of  t he  s t r a i n s  a t  t he  c e n t e r  of  the  element and con- 

sequent ly ,  t h e i r  p a r t i a l  d e r i v a t i v e s  wi th  r e spec t  t o  t h e  genera l ized  co- 

o r d i n a t e s  presented a d i f f i c u l t y .  For example, t he  r o t a t i o n  e  may be 1 3  

approximated i n  a l t e r n a t e  forms a s  



where s u b s c r i p t s  o ,  L, and m r e f e r  t o  t h e  term eva lua ted  a t  s = 0, s = L, 

L  and s = - r e s p e c t i v e l y .  The s u p e r s c r i p t  r e f e r s  t o  t h e  i t h  harmonic. 
2 

While l i t t l e  d i f f e r e n c e  w i l l  b e  observed i n  t h e  eva lua t ion  o f  e between 
1 3  

t h e  two a l t e r n a t e  forms, t h e  p a r t i a l  d e r i v a t i v e s  a r e  completely d i f f e r e n t .  

Both methods were used a t  t he  beginning of t h i s  r e sea rch  and a  cons ide rab l e  

d i f f e r e n c e  was observed i n  t h e  r e s u l t s .  

To r e so lve  t h e  d i f f i c u l t y  of which form t o  use,  t he  fo l lowing  was 

considered.  The s t r a i n  energy express ion  U depends only on f i r s t  de- NL 

r i v a t i v e s .  Consequently i n  t h e  eva lua t ion  of  U i t  i s  necessary  t o  satis- 
NL ' 

fy  only c o n t i n u i t y  of displacements  between elements and n o t  c o n t i n u i t y  of 

s l opes .  24 h i s  al lows t h e  use of  l i n e a r  displacement  func t ions  i n  s f o r  w 

a s  w e l l  a s  u  and v. Using l i n e a r  displacement func t ions  f o r  a l l  t h e  v a r i -  

a b l e s ,  i t  i s  the  second form, g iven  by Eq. 15 ,  f o r  e which i s  obta ined  
1 3  

and used i n  t h i s  r e sea rch .  

The fol lowing express ions  a r e  used f o r  the  s t r a i n s  and r o t a t i o n s  



i 
e  = Eq. 15 

1 3  

Equations 16 were obtained from Eqs. 8 of Ref. 4 by us ing  l i n e a r  d i sp l ace -  

ment func t ions ,  applying a  coord ina te  r o t a t i o n  t o  u and w,  and eva lua t ing  

the  r e s u l t s  a t  t h e  middle of t he  element. 

The c a l c u l a t i o n  procedure wi th in  t h e  computer code c o n s i s t s  of 

eva lua t ing  the  p a r t i a l  d e r i v a t i v e s  of t h e  s t r a i n s  and r o t a t i o n s  wi th  

i 
respec t  t o  each and every q  and then eva lua t ing  the  s t r a i n s  and r o t a t i o n s  

a s  t h e  sum of t h e i r  p a r t i a l  d e r i v a t i v e s  wi th  r e spec t  t o  t he  gene ra l i zed  



coordina tes  t imes t h e  genera l ized  coord ina tes .  These p a r t i a l  d e r i v a t i v e s ,  

s t r a i n s ,  and r o t a t i o n s  a r e  used i n  t h e  eva lua t ion  of  Eq. 12 ,  t he  s t r e s s  

r e s u l t a n t  rou t ine ,  and i n  t h e  eva lua t ion  of t h e  nonl inear  thermal terms.  

I n  Eq. 12,  t h e  fou r th  o r d e r  terms y i e l d  a  t r i p l e  sum over  t he  num- 

be r  of harmonics. Fo r tuna te ly ,  most of the  i n t e g r a l s  around t h e  circum- 

fe rence  of the  s h e l l  a r e  zero and may be omit ted i n  t h e  c a l c u l a t i o n .  

In  summary, due t o  t h e  exac t  eva lua t ion  of  t h e  i n t e g r a l s  i n  t h e  

c i r cumfe ren t i a l  d i r e c t i o n  i t  i s  reasonable t o  expec t  r ap id  convergence 

a s  t h e  number of harmonics is  increased .  It w i l l  b e  demonstrated through 

a  numerical  example i n  a  l a t e r  s e c t i o n  t h a t  the  use  of s t r i p  i n t e g r a t i o n  

over  t h e  l eng th  of t h e  element produces convergence q u i t e  r ap id ly  a s  

t he  number of elements is  increased .  

Thermal Terms 

This  s e c t i o n  desc r ibes  t h e  d e r i v a t i o n s  of t h e  l i n e a r  and non l inea r  

thermal loads.  The thermal loads  a r e  eva lua ted  f o r  each element and then  

combined a t  t h e  nodes f o r  t h e  e n t i r e  s t r u c t u r e .  

Temperature D i s t r i b u t i o n  

The temperature d i s t r i b u t i o n s  a t  t h e  midsurface,  T, and t h e  tem- 

pe ra tu re  g rad ien t s  i n  t h e  normal d i r e c t i o n ,  T ' ,  f o r  an element a r e  ex- 

panded i n  a  Four ie r  s e r i e s  i n  a  manner s i m i l a r  t o  t h a t  used f o r  t he  d i s -  

placement func t ions .  The express ions  may be w r i t t e n  as 



i 
T = C T cos i 0  

i -0  

i 
TI = C T' cos i 0  

i = O  

i i 
where T and T' a r e  t h e  corresponding Fourier  c o e f f i c i e n t s .  The same 

Four ie r  harmonics used f o r  t he  displacements a r e  used f o r  t h e  temperature.  

The temperature,  T, f o r  an element is assumed t o  be  cons tan t  over  

each element i n  t h e  meridional  d i r e c t i o n  and have a  s t e p  v a r i a t i o n  i n  

t he  c i r cumfe ren t i a l  angle ,  0. The v a r i a t i o n  is  taken t o  be cons t an t  

over  an angle varying from B j  t o  €Ijcl. Thus the  Four ie r  c o e f f i c i e n t s  

i 
T a r e  given by 

1 
T~ = - C T . ( s i n  i O j + l  - s i n  i 0 . )  , i > 0 

TI 
j 

J J 

S imi l a r  express ions  a r e  obta ined  f o r  t he  Fourier  c o e f f i c i e n t s  in-  

volving temperature g rad ien t s .  

I n  cases  where the  s t e p  v a r i a t i o n  i n  t he  c i r cumfe ren t i a l  d i r e c t i o n  

i s  n o t  considered accu ra t e  enough, t h e  Fourier  c o e f f i c i e n t s  may be spec i -  

f i e d  a s  i n i t i a l  information.  

Thermal S t r a i n  Energy 

t 
The thermal s t r a i n  energy U i s  given by  



where 

L 

t 
E 

S 
a T  + a T'z 
s 

{ E l =  { +)  = { l 

A A 
The l i n e a r  s t r a i n s  and r o t a t i o n s ,  e" e 

s '  8 '  13' e23' and t h e  changes 

i n  curva ture ,  Ks, K a r e  given i n  Ref. 4. 8  

S u b s t i t u t i n g  L E E] , [Dl and { E 1 i n t o  E q .  19 al lows t h e  thermal  s t r a i n  

energy t o  be  s epa ra t ed  i n t o  two p a r t s :  

where uL is  t h e  thermal s t r a i n  energy due t o  t h e  l i n e a r  s t r a i n - d i s -  
L 

placement r e l a t i o n s  and LJt i s  t he  thermal s t r a i n  energy due t o  non- 
NL 

l i n e a r i t i e s  i n  t h e  s t ra in-d isp lacement  r e l a t i o n s .  The l i n e a r  and non- 

l i n e a r  thermal s t r a i n  energy express ions  a r e  given by 



and 

where a  and a  a r e  t he  c o e f f i c i e n t s  of thermal expansion i n  t h e  meridio-  
s 8 

n a l  and c i r cumfe ren t i a l  d i r e c t i o n s ,  r e spec t ive ly .  

Thermal Loads due t o  Linear  S t r a i n  Theory 

For an element,  t he  l i n e a r  thermal loads  f o r  harmonic n  may be 

w r i t t e n  as  a column mat r ix  

and, us ing  chain r u l e  d i f f e r e n t i a t i o n ,  may be converted t o  t he  p a r t i a l  

d e r i v a t i v e s  wi th  r e spec t  t o  t h e  genera l ized  c o e f f i c i e n t s ,  a ,  through t h e  

r e l a t i o n  { a )  = [ A ]  f q )  a s  given i n  Ref. 4. Thus, 

au,L a u i  
{ - 1  = [ A ] '  { - 1  

aqn aan 



The problem reduces  t o  t h e  e v a l u a t i o n  o f  t h e  p a r t i a l  d e r i v a t i v e s  of 

t U w i t h  r e s p e c t  t o  t h e c o e f f i c i e n t s ,  a  a 2  , .. . a  These p a r t i a l  d e r i v a -  
L 8' 

t i v e s  are o b t a i n e d  from Eqs . 22 o f  t h i s  p a p e r  and Eqs. 1 9  o f  Ref. 4. 

For i = 0 

~ K O  

+ D1(as + vs0ae) T ' O  I - r d s  
aaO m 

For i > 0 

i 
ae 

i r d s  + c 2 ( a 0 +  vesas) T  I 7 
aa 
m 



n  
The e lements  o f  { Q  ) a r e  l i s t e d  i n  Appendix B. 

t 

Nonl inear  Thermal Loads 

The n o n l i n e a r  the rmal  l o a d s  may be t r e a t e d  i n  t h e  same manner as t h e  

g e n e r a l i z e d  f o r c e s  due t o  n o n l i n e a r i t i e s .  The n o n l i n e a r  the rmal  l o a d s  can 

be e v a l u a t e d  from t h e  p a r t i a l  d e r i v a t i v e s  of lJt w i t h  r e s p e c t  t o  t h e  gener-  
NL 

a l i z e d  d i s p l a c e m e n t s ,  q l ,  q2, .  . . .q8. 

where n  = harmonic number 

m = 1 , 2 , .  . .8. 

With t h e  same approximat ion a s  used i n  t h e  e v a l u a t i o n  o f  t h e  g e n e r a l i z e d  

f o r c e s  due t o  n o n l i n e a r i t i e s ,  t h e  l i n e a r  s t r a i n  e x p r e s s i o n s  a r e  s u b s t i t u t e d  

i n  Eq. 27 and r e a r r a n g e d  t o  y i e l d  



where 

T' = Four ie r  c o e f f i c i e n t s  of temperature a t  t i m e  t 

The r o t a t i o n s  and t h e i r  d e r i v a t i v e s  wi th  r e s p e c t  t o  t h e  gene ra l i zed  

displacements  i n  E q .  28 a r e  eva lua ted  approximately by u s i n g  the  f i n i t e  

d i f f e r e n c e  r e l a t i o n s  descr ibed  i n  t h e  previous s e c t i o n  (Equation 1 6 ) .  

The thermal e f f e c t s  have been inco rpo ra t ed  i n t o  t h e  computer program 

and checked f o r  s imple cases .  However, a thorough e v a l u a t i o n  of  the  t he r -  

m a l  e f f e c t s  through numerical examples remains t o  be done. 

S t r e s s  Resu l t an t s  

I n  t h i s  r e sea rch ,  t h e  stress r e s u l t a n t s  were determined by t h e  use 

of t h e  assumed displacement func t ions  and f i n i t e  d i f f e r e n c e  r e l a t i o n s  a t  

the  mid-point of each element. 

The s t r e s s  r e s u l t a n t s  f o r  o r t h o t r o p i c  s h e l l s  a r e  given by Ref. 4 as  

where N s ,  N o ,  Nse = stress r e s u l t a n t s  

Ms,  Me ,  Mse = moment r e s u l t a n t s  



The s t r a i n s  and curva tures  i n  Eq.  29 a r e  eva lua ted  a t  t h e  c e n t e r s  

of t h e  elements and given by 

t t 
where e t  e t  K and K a r e  t h e  s t r a i n s  and changes i n  cu rva tu re  due t o  

S '  e y  s e 
thermal  l oads ,  and given by 

i 
e t  = a c T cos i e  
s S 

i= 0 

t 
e = a c T~ cos i e  

6 ' i=o  

i 
K: = a c T '  cos i 0  e 

i= 8 



I n  t h e  computer code, t he  p a r t i a l  d e r i v a t i v e s  of t h e  r o t a t i o n s  wi th  

r e spec t  t o  s a r e  evaluated approximately by us ing  f i n i t e  d i f f e r e n c e  re- 

l a t i o n s .  Using f i n i t e  d i f f e r e n c e  r e l a t i o n s ,  t h e  changes i n  curva ture  a r e  

eva lua ted  a s  

i Ks = Z k cos i 0  
S 

i = O  

= C i 
Ks 0  

ksO s i n  i 0  
i = O  

- i -  i i 
where q 7  - - q5 + q 7  ~ 0 ~ 4 ~  

- - i i Gi - q s i n +  
1 + q3  cos4 0 



The s h e a r  r e s u l t a n t s  a r e  determined approximately from t h e  equa t i ons  

of  equ i l i b r i um of  t h e  undeforrned s h e l l  a s  

These s h e a r  r e s u l t a n t s  a t  t h e  nodes a r e  ob t a ined  by u s ing  t h e  f i n i t e  

d i f f e r e n c e  r e l a t i o n s  except  f o r  t h e  f i r s t  and l a s t  nodes a s  

where r = &[ ( J )  + r (J-1)]  a v  * rm m 

L = %[L(J) + L(J - l ) ]  
a v  

'av = %[@.(J) + mm(J-l) 

J = 2 , 3 ,  ... number of element 



METHODS OF SOLUTION 

The numerical methods of s o l u t i o n  which have been used i n  DYPJASOR I T  

t o  c a l c u l a t e  t h e  nodal displacements of t h e  s h e l l s  under s tudy a r e  d i s -  

cussed i n  t h i s  s e c t i o n .  Three independent methods have been u t i l i z e d  

wi th  one of t h e  methods be ing  va r i ed  t o  provide a t o t a l  of f i v e  d i f f e r e n t  

numerical s o l u t i o n  schemes. The formulat ion of t h e s e  methods f o r  u se  

i n  s o l v i n g  t h e  s h e l l  equat ions is  presented  and t h e  r e s u l t s  ob ta ined  

us ing  each method a r e  discussed.  Addi t iona l  methods of s o l u t i o n  a r e  

t o  be eva lua ted  and t h e  r e s u l t s  presented  i n  Ref. 25. 

The equat ions of motion, Eq .  2, can be  reduced t o  a system of 

equat ions  of t h e  form 

The load  matr ix,  { ~ ( t , q ) ) ,  is  equiva len t  t o  t h e  right-hand s i d e  o f  Eq. 2. 

The numerical schemes discussed a r e  formulated t o  s a t i s f y  t h e s e  governing 

d i f f e r e n t i a l  equat ions of motion. 

Since a closed-form s o l u t i o n  of Eq. 35 i s  gene ra l ly  not  a v a i l a b l e ,  

a numerical  method must be used t o  determine t h e  response of t h e  s h e l l .  

The numerical methods employed c a l c u l a t e  t h e  displacements f o r  any t ime,  

t ,  increment t h e  t ime by an amount A t ,  and then  s o l v e  f o r  t h e  d i sp l ace -  

ments a t  t he  new time, t + A t .  This  step-by-step c a l c u l a t i o n  of t h e  

displacements  must be performed f o r  a l a r g e  number of t i m e  increments 

i n  o rde r  t o  determine t h e  response c h a r a c t e r i s t i c s  of t h e  s h e l l  of 

revolu t ion .  



I n  o r d e r  t o  s tar t  t h e  numer ica l  s o l u t i o n  o f  Eq, 35, t h e  i n i t i a l  d i s -  

p lacements  and v e l o c i t i e s  o f  t h e  nodes of t h e  s h e l l  must b e  known. These 

i n i t i a l  c o n d i t i o n s  a r e  s p e c i f i e d  i n  t h e  form 

and 

Although a  few o f  t h e  numer ica l  methods o f  s o l u t i o n  u s e  t h e  same p r o c e d u r e  

f o r  c a l c u l a t i n g  t h e  response  a t  each t i m e  s t e p ,  most s o l u t i o n  schemes re- 

q u i r e  t h e  development of s p e c i a l  p rocedures  f o r  c a l c u l a t i n g  t h e  d i s p l a c e -  

ments a t  t h e  end o f  t h e  i n i t i a l  s t e p .  The method of s t a r t i n g  e a c h  o f  t h e  

s o l u t i o n  schemes is  p r e s e n t e d .  

The accuracy  and s t a b i l i t y  o f  t h e  numer ica l  s o l u t i o n  schemes a s  w e l l  

a s  t h e  computer t ime  r e q u i r e d  t o  o b t a i n  t h e  responses  a r e  i n v e s t i g a t e d .  

An e f f i c i e n t  scheme shou ld  p r o v i d e  a s o l u t i o n  which remains n u m e r i c a l l y  

s t a b l e  f o r  l a r g e  t ime  inc rements .  The scheme shou ld  a l s o  b e  a b l e  t o  de- 

t e r m i n e  a c c u r a t e l y  t h e  response  c h a r a c t e r i s t i c s  o f  t h e  s h e l l  w i t h o u t  t h e  

e x p e n d i t u r e  of l a r g e  amounts o f  computer t i m e .  The r e l a t i v e  amounts o f  

computer s t o r a g e  s p a c e  r e q u i r e d  by t h e  v a r i o u s  numer ica l  schemes are a l s o  

d i s c u s s e d .  The a c c u r a c i e s  i n h e r e n t  i n  t h e  d i f f e r e n t  methods a r e  p r e s e n t e d  

and t h e  e f f e c t  o f  t r u n c a t i o n  e r r o r s  upon t h e  v a l u e  of t h e  d i s p l a c e m e n t s  is  

d i s c u s s e d .  

Levy and b o l l ,  26 i n v e s t i g a t e d  b o t h  t h e  accuracy and convergence o f  

numer ica l  i n t e g r a t i o n  methods. These methods were used t o  de te rmine  t h e  

dynamic responses  of single-degree-of-freedom and multi-degree-of-freedom 

s t r u c t u r e s  t o  impact  l o a d s .  A c e n t r a l  d i f f e r e n c e  p a t t e r n  was used  t o  r e p l a c e  



t h e  a c c e l e r a t i o n  term i n  t h e  e q u a t i o n s  o f  motion and H o u b o l t ' s  method of 

s o l u t i o n  was a p p l i e d .  I t  was concluded t h a t  t h e  Houbolt  method was t h e  

on ly  method t e s t e d  which gave convergent  r e s u l t s  f o r  l a r g e  t i m e  i n c r e m e n t s  

b u t  t h a t  e r r o r s  i n t r o d u c e d  by u s i n g  t h e s e  l a r g e  t i m e  s t eps  caused a damp- 

i n g  o u t  o f  t h e  sys tem r e s p o n s e .  I t  was a l s o  concluded t h a t  " a l l  t h e  meth- 

ods  g i v e  good r e s u l t s  when t h e  t ime  inc rement  i s  l e s s  t h a t  about  1 / 3 0  o f  

t h e  p e r i o d  of t h e  h i g h e s t  f requency  mode." 

Using a f i n i t e  d i f f e r e n c e  f o r m u l a t i o n ,  Johnson and   re if^^ have p re -  

s e n t e d  t h e  r e s u l t s  of l i n e a r  dynamic r e s p o n s e  s t u d i e s  o f  c y l i n d r i c a l  s h e l l s .  

These r e s u l t s  were o b t a i n e d  by t h e  d i r e c t  a p p l i c a t i o n  o f  two d i f f e r e n t  

methods of t imewise  numer ica l  i n t e g r a t i o n .  An e x p l i c i t  method and a n  i m -  

p l i c i t  (Houbolt)  method a r e  used w i t h  t h e  r e l a t i v e  m e r i t s  o f  each method 

be ing  d i s c u s s e d .  For t h e  e x p l i c i t  s o l u t i o n ,  a  c e n t r a l  d i f f e r e n c e  e x p r e s -  

s i o n  is  used t o  approximate  t h e  a c c e l e r a t i o n s  o f  t h e  mesh p o i n t s .  The t i m e  

inc rement  used i n  t h e  e x p l i c i t  s o l u t i o n  must b e  chosen s m a l l  enough t o  i n -  

s u r e  t h e  numerical  s t a b i l i t y  of t h e  s o l u t i o n .  s t a b i l i t y  c r i t e r i a  based  

upon p h y s i c a l  c o n s i d e r a t i o n s  a r e  developed and used t o  e v a l u a t e  t h e  c r i -  

t i c a l  r a t i o  o f  t h e  t ime and s p a t i a l  inc rements .  A damping e f f e c t  upon o u t -  

p u t  q u a n t i t i e s  was n o t e d  f o r  s o l u t i o n s  u s i n g  Houbol t ' s  method w i t h  l a r g e  

t ime inc rements .  It was r e p o r t e d  t h a t  " the  t ime increment  h a s  t o  be  smal- 

ler  than  abou t  1150th o f  t h e  p e r i o d  o f  a  p a r t i c u l a r  mode of v i b r a t i o n  i n  

o r d e r  t h a t  impor tan t  o u t p u t  q u a n t i t i e s  i n  t h a t  p a r t i c u l a r  mode n o t  b e  s i g -  

n i f i c a n t l y  damped." It is  warned t h a t  u n l e s s  t h a t  c r i t e r i o n  is adhered 

t o ,  t h e  Houbolt  method w i l l  have a  tendency t o  damp o u t  t h e  motion o f  t h e  

h i g h e r  modes o f  v i b r a r i o n .  The e x p l i c i t  method d i d  n o t  e x h i b i t  t h i s  damping 



phenomenon. Both methods were shown t o  g ive  t h e  same r e s u l t s .  A f t e r  

cons ider ing  t h e  r e l a t i v e  e f f i c i e n c i e s  of both methods measured i n  terms 

of t h e  amount of computer time necessary f o r  t h e  accu ra t e  s o l u t i o n  of 

a given problem, it was concluded t h a t  t h e  e x p l i c i t  method is  more e f f i -  

c i e n t  f o r  determining r ap id ly  vary ing  responses,  bu t  f o r  t h e  de te rmina t ion  

of s lower responses t h e  Houbolt scheme becomes more e f f i c i e n t .  

A f i n i t e  d i f f e r e n c e  formulat ion f o r  t h e  nonl inear  dynamic response 

11 
of t h i n - s h e l l  s t r u c t u r e s  has  been presented by Wrenn, Sobel and S i l sby .  

Three numerical methods a r e  used t o  s o l v e  t h e  equat ions  of motion of t h e  

system and t h e  s t a b i l i t y  and convergence of each method i s  examined. An 

e x p l i c i t  f i n i t e  d i f f e r e n c e  expression,  t h e  same expression a s  t h a t  used 

by Johnson and Gre i f ,  is  used t o  r ep re sen t  t h e  a c c e l e r a t i o n s  of t h e  mesh 

p o i n t s .  I n  a d d i t i o n ,  two numerical i n t e g r a t i o n  schemes, t h e  Runge-Kutta 

method and the  Adams-Moulton p red ic to r - co r rec to r  method, a r e  examined. 

The conclusion is reached t h a t ,  "In most cases ,  t h e  ' c r i t i c a l  t ime s t e p '  

is  s o  smal l  t h a t  t h e  l a r g e r  t runca t ion  e r r o r  of t h e  f i n i t e  d i f f e r e n c e  

method does no t  c r e a t e  a s e r i o u s  accuracy problem." Thus, i t  i s  concluded 

t h a t  t h e  c r i t i c a l  time increment f o r  s t a b i l i t y ,  no t  t h e  t r u n c a t i o n  e r r o r ,  

i s  a governing f a c t o r  i n  t he  f i n i t e  d i f f e r e n c e  procedure. Severa l  pro- 

cedures  f o r  determining t h i s  " c r i t i c a l  time s t ep"  a r e  presented and d i s -  

cussed.  Based upon work w i t h  a r i g h t  c i r c u l a r  cy l inde r ,  Wrenn, Sobel and 

S i l s b y  a l s o  conclude t h a t ,  of t h e  t h r e e  methods t e s t e d ,  t he  e x p l i c i t  

f i n i t e  d i f f e r e n c e  procedure is  t h e  most e f f i c i e n t .  



~ o u b o l t ' s  Method 

The f i n i t e  d i f f e r e n c e  method of s o l u t i o n  developed by 130uboltZ2 f o r  

use i n  dynamic s t r u c t u r a l  response s t u d i e s  of a i r c r a f t  can be  adapted f o r  

use i n  determining the  dynamic non l inea r  response of s h e l l s  of r evo lu t ion .  

The a c c e l e r a t i o n s  i n  Eq. 35 a r e  rep laced  by a  f i n i t e  d i f f e r e n c e  approxi-  

mation of t h e  second d e r i v a t i v e .  This s u b s t i t u t i o n  al lows development of 

recur rence  r e l a t i o n s  which can be used f o r  t h e  step-by-step c a l c u l a t i o n  

of t he  displacements  of t h e  s h e l l .  

The a c c e l e r a t i o n s  of t h e  nodes of t h e  s h e l l  a r e  approximated by t h e  

t h i r d  o r d e r  backwards d i f f e r e n c e  express ion  

L 
The accuracy of t h i s  r ep re sen ta t ion  is  of t h e  o rde r  (At) . 

S u b s t i t u t i n g  Eq. 37 i n t o  Eq. 35 and s imp l i fy ing  y i e l d s  

This  equat ion  i s  v a l i d  f o r  a l l  t ime increments b u t  must be modified f o r  

t he  f i r s t  s t e p  s i n c e  t h e  va lues  of {q-2) and km1) a r e  no t  known. This  

occurrence is  common when so lv ing  i n i t i a l  va lue  problems by f i n i t e  d i f f e r -  

ence procedure and merely r equ i r e s  t h a t  a  method be developed t o  s t a r t  

t h e  s o l t u i o n .  Equation 38 w i l l ,  however, be used t o  c a l c u l a t e  t he  d i s -  

placements f o r  a l l  time increments except  t h e  f i r s t .  

To s t a r t  t he  s o l u t i o n ,  assume 



and 

The i n i t i a l  a c c e l e r a t i o n s  a r e  o b t a i n e d  u s i n g  Eq. 35 e v a l u a t e d  a t  t = 0 

which g i v e s  

[ M I  {So} = {F(O,qo)} - [K] {qol 

Rearranging Eq. 40 g i v e s  

By combining Eqs. 39 and 42 a n  e x p r e s s i o n  f o r  {q-2} i s  developed 

S u b s t i t u t i n g  Eqs. 42 and 43 i n t o  Eq. 38 f o r  t h e  f i r s t  t i m e  increment  

(n=O) and approximat ing t h e  f o r c e s  a t  t h e  end of t h e  f i r s t  t i m e  s t e p  

by t h e  f o r c e s  a t  t ime ,  t = 0, prov ides  an e x p r e s s i o n  i n  t e r m s  of t h e  

i n i t i a l  d i sp lacements ,  v e l o c i t i e s  and a c c e l e r a t i o n s  which can b e  s o l v e d  

t o  g e t  tq l}  

Th is  e q u a t i o n  is  used t o  de te rmine  t h e  d i sp lacement  a t  t h e  end o f  t h e  f i r s t  

t ime s t e p .  Using Eq. 42,  a f i c t i t i o u s  m a t r i x  o f  d i sp lacements ,  {q-l} can  

be  determined.  The d i sp lacements  a r e  then  a v a i l a b l e  s o  Eq, 38 can b e  used 

f o r  each  subsequent  t i m e  s t e p .  



Chan, Cox, and Benf ie ld  20 developed a  numerical method of s o l u t i o n  

which can be appl ied  t o  multi-degree-of-freedom s t r u c t u r e s  sub jec t ed  t o  

dynamic loads .  A recur rence  ma t r ix  of f i n i t e  d i f f e r e n c e s  is de r ived  

which can be used f o r  t h e  step-by-step c a l c u l a t i o n  of t h e  dynamic re- 

sponse of t he  i d e a l i z e d  s t r u c t u r e s .  The method i s  a c t u a l l y  a  s p e c i a l  

case  of t he  more genera l  procedure presented by Newmark. 28 

The numerical s o l u t i o n  of t h e  d i f f e r e n t i a l  equat ions  of motion f o r  

t he  dynamic system is accomplished by r ep lac ing  t h e  d e r i v a t i v e s  by t h e  

fo l lowing  f i n i t e  d i f f e r e n c e  equ iva l en t s  

and (45) 

2 -. 
{qn+l} = {qn} f AL{~,}  + ( % -  6 )  (At) {qn} + B (n t12  

The parameter of genera l ized  a c c e l e r a t i o n ,  B ,  expresses  t h e  acce l e ra -  

t i o n  w i t h i n  a  time i n t e r v a l  i n  terms of t h e  i n i t i a l  and f i n a l  a c c e l e r a t i o n s  

of t he  i n t e r v a l .  As repor ted  i n  Ref. 20, " the va lue  of 6 can be anywhere 

between 0 and 114" wi th  the  choice  of t h i s  parameter depending upon " the  

phys i ca l  c h a r a c t e r i s t i c s  of t h e  system, accuracy d e s i r e d ,  and c e r t a i n  

limits of app l i ca t ion . "  

S e t t i n g  the  va lue  of B equal  t o  1 / 4  corresponds t o  us ing  t r a p e z o i d a l  

i n t e g r a t i o n  formulas t o  determine both the  displacements and v e l o c i t i e s  

of t h e  system. The t r apezo ida l  i n t e g r a t i o n  procedure is  c o n s i s t e n t  wi th  

t h e  assumption t h a t  a  cons tan t  a c c e l e r a t i o n ,  equal  t o  t h e  mean va lue  of 

t h e  i n i t i a l  and f i n a l  a c c e l e r a t i o n s  of the  increment,  e x i s t s  w i t h i n  t h e  

i n t e r v a l .  



By app ly ing  Simpson's one- th i rd  r u l e  t o  i n t e g r a t e  t h e  a c c e l e r a t i o n s  

and t h e  t r a p e z o i d a l  formulas  t o  i n t e g r a t e  t h e  v e l o c i t i e s ,  t h e  e q u a t i o n  

cor responding  t o  f3 = 116 can be  d e r i v e d ,  Th is  e x p r e s s i o n  is  c o n s i s t e n t  

w i t h  assuming a l i n e a r  v a r i a t i o n  o f  t h e  a c c e l e r a t i o n  w i t h i n  each s t e p .  

The Chan, Cox, and B e n f i e l d  s o l u t i o n  cor responds  t o  a  second o r d e r  

c e n t r a l  d i f f e r e n c e  p a t t e r n  when t h e  v a l u e  o f  t h e  g e n e r a l i z e d  a c c e l e r a -  

t i o n  paramete r ,  8 ,  i s  z e r o .  

E l i m i n a t i n g  t h e  m a t r i x  o f  damping c o e f f i c i e n t s  from t h e  e q u a t i o n s  

i n  Ref.  20 t h e  d i sp lacements  f o r  t h e  ( n + l ) t h  t i m e  s t e p  can b e  c a l c u l a t e d  

from t h e  e x p r e s s i o n  

where 

[B] = 2 [MI - (1-28) ( ~ t )  [K]  

Equa t ion  46 is used t o  c a l c u l a t e  t h e  d i s p l a c e m e n t s  a t  t h e  end o f  each  i n -  

crement excep t  t h e  f i r s t  one. 

S i n c e  Eq. 46 r e q u i r e s  t h e  knowledge o f  t h e  d i sp lacements  a t  t h e  end 

of two p r e v i o u s  t ime  s t e p s ,  a  s p e c i a l  p rocedure  must b e  used t o  c a l c u l a t e  

t h e  d i sp lacements  a t  t h e  end of t h e  f i r s t  increment .  Again, by s i m p l i f y -  

i n g  t h e  e q u a t i o n s  of Ref. 20 t h e  e q u a t i o n s  t o  c a l c u l a t e  t h e  d i s p l a c e m e n t s  

a t  t h e  end of t h e  f i r s t  increment  become 

where 

2 
[C I = [MI  - ($-8) (At) [KI. 



For  t h e  s p e c i a l  second-order  sys tem of d i f f e r e n t i a l  e q u a t i o n s  where 

t h e  a c c e l e r a t i o n s  a r e  n o t  a  f u n c t i o n  of t h e  v e l o c i t i e s  o f  t h e  sys tem,  we 

have 

These a c c e l e r a t i o n s  a r e  c a l c u l a t e d  u s i n g  Eq. 35.  For  t h i s  sys tem o f  

e q u a t i o n s  t h e  g e n e r a l  f o u r t h - o r d e r  forward i n t e g r a t i o n  Runge-Kutta f o r -  

29 
mulas t a k e n  from Hi ldebrand  reduce t o  

where 

A t  { m I 3  = A t  G ( t  + A t ,  {qn + A t i n  + 7 m l } )  
n  

The Runge-Kutta method o f  s o l u t i o n  o f f e r s  many advan tages  (Ref .  29) 

o v e r  o t h e r  numer ica l  schemes: 

1. The formulas  are t h e  same f o r  each s t a g e  o f  t h e  c a l c u l a t i o n  and 

do n o t  r e q u i r e  any s p e c i a l  s t a r t i n g  p rocedures  f o r  t h e  f i r s t  

inc rements .  



2 .  The spacing may be changed a t  any i n t e r v a l  dur ing  the  s o l u t i o n  

s i n c e  t h i s  method does n o t  r e q u i r e  information from previous  

s t a g e s .  

3 .  Runge-Kutta methods can be  used t o  ob ta in  accu ra t e  r e s u l t s  

[ t h e  t runca t ion  e r r o r  i n  a  fourth-order  Runge-Kutta s o l u t i o n  

5 i s  of order  (At) 1.  

An inhe ren t  disadvantage of t h i s  method is t h a t  f o r  each s t a g e  of t h e  

advancing c a l c u l a t i o n ,  four  c a l c u l a t i o n s  of t h e  a c c e l e r a t i o n s  a r e  nec- 

e s sa ry .  I n  o rde r  t o  be competi t ive w i t h  o t h e r  numerical s o l u t i o n  rou- 

t i n e s  t h e  c r i t i c a l  time increment f o r  t h e  Runge-Kutta method must there-  

f o r e  be  s u b s t a n t i a l l y  l a r g e r  (p re fe rab ly  by a  f a c t o r  of a t  l e a s t  4)  than  

the  s t e p  allowed by o the r  methods. 

Approximation of Loads Matrix 

Both t h e  method of Houbolt and t h e  Chan, Cox, and Benf ie ld  method 

r e q u i r e  t h a t  t h e  loads  a t  t h e  end of t h e  n t h  time increment be known i n  

o rde r  t o  c a l c u l a t e  t he  displacements a t  t he  end of t h a t  increment.  These 

loads ,  because of t he  presence of t h e  nonl inear  terms, a r e  a  func t ion  of 

t he  displacements which a r e  t o  be ca l cu la t ed .  It is t h e r e f o r e  n o t  possi-  

b l e  t o  eva lua t e  t hese  terms exac t ly .  

Consequently, t he  right-hand s i d e  of Eq. 35 w i l l  b e  eva lua ted  using 

a  f i r s t  o rder  Taylor ' s  s e r i e s  expanded about t he  n t h  time increment.  

Approximating the  p a r t i a l  d e r i v a t i v e  by a  f i r s t  o rde r  backwards d i f f e r e n c e  

express ion  g ives  



2 This express ion  has  an i nhe ren t  e r r o r  of o r d e r  (At) which i s  the  same 

a s  t h e  o rde r  of  accuracy inhe ren t  i n  both t h e  Houbolt and t h e  Chan, Cox, 

and Benf ie ld  s o l u t i o n s .  It corresponds t o  a l i n e a r  e x t r a p o l a t i o n  of t h e  

l oads  a t  t h e  two previous t i m e  increments.  

Using a second o rde r  express ion  t h e  l oads  may be  approximated t o  an 

3 accuracy o f  o rde r  (At) by 

It is  assumed when us ing  t h i s  express ion  t h a t  by pass ing  a parabola  through 

t h e  loads  a t  t h e  t h r e e  previous t i m e  increments t h e  loads  f o r  t h e  n t h  t i m e  

increment can be  determined. 

Numerical Resu l t s  

The r e s u l t s  ob ta ined  us ing  t h e  va r ious  methods of s o l u t i o n  a r e  eva l -  

uated t o  determine t h e  method of s o l u t i o n  most advantageous f o r  t h e  

DYNASOR I1 program. The numerical  s t a b i l i t y  of each method i s  i n v e s t i g a t e d  

and an extremely thorough test of t h e  Houbolt s o l u t i o n  scheme is  made a f t e r  

concluding t h a t  t h i s  seems t o  be t h e  most promising method of s o l u t i o n .  

Runge-Kutta Evalua t ion  

A shal low s p h e r i c a l  cap w i t h  clamped edges was analyzed us ing  the  

Runge-Kutta method of s o l u t i o n .  The cap was sub jec t ed  t o  an i n s t a n t a -  

neously appl ied  ( a t  t ime = 0 )  i n t e r n a l  p r e s su re  of 70 p s i .  Only t h e  

zero  harmonic response was determined. T h i r t y  elements were used g iv ing  

a t o t a l  of 124 degrees  of freedom. 



L i n e a r  s o l u t i o n s  o f  t h e  problem were  n u m e r i c a l l y  u n s t a b l e  f o r  t ime  
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inc rements  o f  2 .0  x 1 0  , 1 . 0  x l ov6 ,  and 0 . 5  x seconds .  T h i s  

i n s t a b i l i t y  c o n s i s t e n t l y  o c c u r r e d  a f t e r  on ly  a few t i m e  s t e p s  had  been 

t aken .  The t ime  increment  was f u r t h e r  reduced t o  t h e  ve ry  s m a l l  v a l u e  

of 0 . 5  x lom8 seconds and t h e  s o l u t i o n  o b t a i n e d  d i d  n o t  e x h i b i t  any 

numer ica l  i n s t a b i l i t y .  U t i l i z i n g  t h i s  ex t remely  s m a l l  t i m e  increment  

would r e q u i r e  p r o h i b i t i v e  amounts o f  computer t ime t o  de te rmine  t h e  

r e s p o n s e  of a s h e l l .  

S i n c e  f o r  a n  i n i t i a l  v a l u e  problem, t h e  accuracy  of t h e  d i sp lacements  

of t h e  i n i t i a l  s t e p s  g r e a t l y  a f f e c t s  t h e  numer ica l  s t a b i l i t y  of t h e  s o l u -  

t i o n ,  a s m a l l e r  t i m e  increment  used d u r i n g  t h e  i n i t i a l  s t e p s  can p o s s i b l y  

improve t h e  s t a b i l i t y  o f  t h e  s o l u t i o n .  DYNASOR I1 was modif ied t o  u s e  an  

increment  o v e r  t h e  i n i t i a l  s t e p s  which was several t i m e s  s m a l l e r  t h a n  t h e  

i n p u t  s t e p  s i z e .  A f t e r  complet ing t h e s e  i n i t i a l  s t e p s ,  t h e  i n p u t  t i m e  

increment  was used f o r  t h e  remaining s t e p s .  Th i s  approach d i d  p r o v i d e  

- 7 
a d d i t i o n a l  s t a b i l i t y  by i n c r e a s i n g  t h e  a l l o w a b l e  t ime  s t e p  t o  0 . 5  x 1 0  

seconds .  It is  presumed t h a t  t h e  c r i t i c a l  t ime increment  would have  been 

decreased  by t h e  i n c l u s i o n  of t h e  n o n l i n e a r  t e r m s .  

From t h e s e  r e s u l t s ,  i t  can b e  concluded t h a t  t h e  advantages  a f f o r d e d  

by t h e  s i m p l i c i t i e s  of a p p l i c a t i o n  and t h e  accuracy  o f  t h e  Runge-Kutta 

method a r e  more t h a n  o f f s e t  by t h e  s m a l l  c r i t i c a l  t i m e  increment  which 

i s  r e q u i r e d  when t h i s  method i s  a p p l i e d  t o  dynamic s h e l l  of  r e v o l u t i o n  

problems. U t i l i z i n g  t h i s  method of s o l u t i o n  t h e r e f o r e  r e q u i r e s  unreason- 

a b l y  l a r g e  amounts o f  computer t ime  t o  de te rmine  t h e  r e s p o n s e  of a s h e l l .  



Chan, Cox, and Benf ie ld  Solu t ion  (B = 116 and @ = 0) 

For a  v a r i e t y  of problems, a t tempts  were made t o  c a l c u l a t e  t h e  re-  

sponse curves us ing  both @ = 0 and @ = 116. A numerical ly  s t a b l e  s o l u t i o n  
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was never  ob ta ined  us ing  time s t e p s  a s  smal l  a s  0 . 1  x 10 seconds.  The 

r e s u l t s  ob ta ined  us ing  t h e  Runge-Kutta s o l u t i o n  sugges t  t h a t  by reduc ing  

t h e  t i m e  s t e p  even f u r t h e r  a  s t a b l e  s o l u t i o n  could poss ib ly  have been 

obta ined .  These smal l  t i m e  increments  were n o t  used s i n c e  t h e  amount of 

computer t i m e  r equ i r ed  t o  o b t a i n  a  s o l u t i o n  t o  a  problem would render  t h e  

method imprac t i ca l .  

Houbolt Method vs .  Chan, Cox, and Benf ie ld  Routine w i th  @ = 114 

To determine t h e  most advantageous numerical method of s o l u t i o n  f o r  

use  i n  DYNASOR 11, a comparison was made of t h e  responses  ob ta ined  us ing  

t h e  method of Chan, Cox, and Benf ie ld  (@ = 114) and Houbolt 's  method. 

The s h e l l  s e l e c t e d  t o  s e r v e  as  a  test problem f o r  t h e  two numerical  

methods i s  shown i n  Fig.  7.  This  cap-torus-cyl inder  con f igu ra t i on  was 

sub jec t ed  t o  a  50 p s i  i n t e r n a l  p r e s su re .  The s h e l l  was i d e a l i z e d  us ing  

50 elements  d i s t r i b u t e d  s o  t h a t  a  l a r g e  number of elements were concen- 

t r a t e d  i n  t h e  v i c i n i t y  of t h e  cap-torus  i n t e r s e c t i o n  and nea r  t h e  to rus-  

c y l i n d e r  i n t e r s e c t i o n .  With t h i s  element d i s t r i b u t i o n ,  t h e  s i z e  of t h e  

elements  v a r i e s  ex t ens ive ly .  The widely vary ing  element s i z e s  coupled 

wi th  t h e  i r r e g u l a r  shape of t h e  s h e l l  provide a r e a l  and c r i t i c a l  t e s t  

of t h e  numerical methods. 

Using t h e  zero harmonic, t h e  displacements  and s t r e s s e s  a r e  calcu- 

l a t e d  u t i l i z i n g  both numerical methods w i th  s ing l e -p rec i s ion  numerical  

accuracy.  By cons ider ing  t h e  r e s u l t s  p resen ted  i n  F ig .  7 ,  i t  can be 



concluded t h a t  t he  displacements c a l c u l a t e d  us ing  both numerical methods 

a r e  almost i d e n t i c a l .  The s t r e s s e s  c a l c u l a t e d  a t  the  cap-torus i n t e r -  

s e c t i o n  a r e  presented  i n  Figs.  8 and 9.  Exce l len t  agreement between t h e  

va lues  ca l cu la t ed  by the  two methods i s  once aga in  noted. 

Since t h e  displacements and s t r e s s e s  ca l cu la t ed  by both numerical 

methods of s o l u t i o n  a r e  e s s e n t i a l l y  the  same, t h e  choice of t h e  most 

advantageous method of s o l u t i o n  can be  made based upon economic consid- 

e r a t i o n s .  The l a r g e s t  time increment which can be  used f o r  t h i s  problem 

by t h e  Chan, Cox, and Benfield method is  1 x second. Houbolt ' s  

-6 
method of s o l u t i o n  is ,  however, s t a b l e  f o r  a  time increment of 3 x 10 

seconds. Obviously, a  tremendous sav ing  of computer time can be r e a l i z e d  

by us ing  t h e  numerical method of s o l u t i o n  which u t i l i z e s  t h e  l a r g e r  t ime 

s t e p .  I n  add i t i on ,  t h e  amount of computation time requi red  per  s t e p  i s  

l e s s  f o r  t he  Houbolt scheme than  f o r  t h e  Chan, Cox, and Benfield r o u t i n e .  

This can be explained by comparing Eqs. 38 and 46. For each t i m e  s t e p ,  

two ma t r ix  m u l t i p l i c a t i o n s  must be performed us ing  t h e  Chan, Cox, and 

Benf ie ld  scheme but  only one m u l t i p l i c a t i o n  is n e c e s s i t a t e d  by t h e  

Houbolt procedure. This sav ing  of computer time becomes inc reas ing ly  

more important  a s  t h e  number of f i n i t e  elements used is inc reased .  The 

combined e f f e c t  of us ing  t h e  l a r g e r  time s t e p  and decreas ing  t h e  computer 

t ime per  s t e p  is t o  provide a  s o l u t i o n  of t h i s  problem almost fou r  t imes 

f a s t e r  u s ing  ~ o u b o l t ' s  method. For s e v e r a l  of t h e  analyses  presented  

i n  t h e  a p p l i c a t i o n  s e c t i o n ,  t h e  same advantage was noted us ing  Houbolt ' s  

s o l u t i o n .  



By c o n s i d e r i n g  Eqs. 38 and 46 i t  can b e  s e e n  t h a t  t h e  amount o f  

computer s t o r a g e  s p a c e  r e q u i r e d  f o r  t h e  Houbolt scheme i s  s l i g h t l y  

g r e a t e r  t h a n  t h e  s p a c e  r e q u i r e d  f o r  t h e  Chan, Cox, and B e n f i e l d  p rocedure .  

Th is  r e s u l t s  from t h e  n e c e s s i t y  of r e t a i n i n g  t h e  d i sp lacements  a t  t h r e e  

p r e v i o u s  increments  f o r  H o u b o l t ' s  s o l u t i o n .  The Chan, Cox, and B e n f i e l d  

p rocedure  r e q u i r e s  t h a t  t h e  d i sp lacements  a t  o n l y  two p r e v i o u s  s t e p s  b e  

r e t a i n e d .  Th is  s l i g h t  d i s a d v a n t a g e  o f  r e q u i r i n g  a d d i t i o n a l  s t o r a g e  s p a c e  

is more t h a n  o f f s e t  by t h e  many advantages  and b e n e f i t s  t o  b e  acc rued  by 

u s i n g  t h e  Houbolt  s o l u t i o n  scheme. 

T e s t  Problem f o r  Houbolt  S o l u t i o n  Scheme 

The problem s e l e c t e d  t o  s e r v e  a s  a  c r i t i c a l  test  of t h e  Houbolt  

method of s o l u t i o n  is t h e  s h a l l o w  s p h e r i c a l  cap ( A  = 6) w i t h  clamped 

edges  d e p i c t e d  i n  F i g .  10.  The geomet r ic  and m a t e r i a l  p r o p e r t i e s  pre-  

s e n t e d  a t  t h e  t o p  o f  t h i s  f i g u r e  a r e  used throughout  t h e  a n a l y s i s .  The 

cap  is  e x c i t e d  by an  i n s t a n t a n e o u s l y  a p p l i e d  l o a d  which i s  c o n c e n t r a t e d  

a t  t h e  apex of t h e  s h e l l .  

Th i s  p a r t i c u l a r  problem was s e l e c t e d  f o r  two r e a s o n s .  F i r s t ,  t h e  

problem i s  h i g h l y  n o n l i n e a r .  The h i g h  degree  o f  n o n l i n e a r i t y  can b e  

e s t a b l i s h e d  by l o o k i n g  a t  t h e  s t a t i c  l o a d - d e f l e c t i o n  c u r v e  ( F i g .  1 0 )  

f o r  t h i s  s h e l l .  The r e s u l t s  were  o b t a i n e d  by t h e  method d e s c r i b e d  i n  

Ref.  4 us ing  t h e  Newton-Raphson method of s o l u t i o n  and a r e  i n  agreement 

3 0  3 1 
w i t h  t h e  r e s u l t s  p r e s e n t e d  by Mescal1 and Bushne l l .  A f o r t y  pound 

load  w a s  s e l e c t e d  f o r  use  i n  t h e  dynamic t e s t  case. For t h i s  l o a d i n g ,  



t h e  d i sp lacements  p r e d i c t e d  by a  n o n l i n e a r  a n a l y s i s  a r e  more t h a n  f o u r  

t imes  l a r g e r  t h a n  t h e  d i sp lacements  p r e d i c t e d  by a  l i n e a r  a n a l y s i s .  

Hence, a  h i g h l y  n o n l i n e a r  problem is  t o  be  s o l v e d .  

Second, t h e  s i n g u l a r i t y  which e x i s t s  a t  t h e  apex of t h i s  s h e l l  g i v e s  

r i s e  t o  ex t remely  l a r g e  terms i n  t h e  s t r u c t u r a l  s t i f f n e s s  m a t r i x .  The 

cor responding  t e r m s  i n  t h e  mass m a t r i x  a r e  r a t h e r  s m a l l .  The n e t  e f f e c t  

o f  a  l a r g e  s t i f f n e s s  t o  mass r a t i o  is  t o  g i v e  a  speed  o f  sound i n  t h e  

e lement  which is  v e r y  l a r g e .  S i n c e  some of  t h e  s t a b i l i t y  c r i t e r i a  de- 

veloped i n  t h e  f i n i t e  d i f f e r e n c e  approach (Ref. ll, 14 ,  and 27) are based 

upon t h e  t i m e  r e q u i r e d  f o r  a  s i g n a l  t o  t r a v e l  from one mesh p o i n t  t o  

a n o t h e r ,  a p p l y i n g  t h e s e  c r i t e r i a  t o  t h i s  problem r e s u l t s  i n  t h e  p r e -  

d i c t i o n  of a n  ex t remely  s m a l l  t ime  inc rement .  The same e f f e c t  is pro-  

duced by u s i n g  v e r y  s m a l l  e l ements .  

Numerical  Accuracy 

The e f f e c t  of u s i n g  a g r e a t e r  d e g r e e  of numer ica l  accuracy  i n  t h e  

s o l u t i o n  o f  t h i s  h i g h l y  n o n l i n e a r  problem was i n v e s t i g a t e d .  The DYNASOR 

programs were  used on an I B M  360/65 computer w i t h  b o t h  s i n g l e - p r e c i s i o n  

( 7  s i g n i f i c a n t  f i g u r e s )  and d o u b l e - p r e c i s i o n  (16 s i g n i f i c a n t  f i g u r e s )  
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numer ica l  a c c u r a c y ,  A t i m e  increment  o f  0.125 x  1 0  seconds  was used 

w i t h  t h e  s h e l l  b e i n g  i d e a l i z e d  by t h i r t y  f i n i t e  e lements .  

A comparison of t h e  s i n g l e - p r e c i s i o n  and double -prec i s ion  s o l u t i o n s  

can b e  made by c o n s i d e r i n g  F i g .  11. A s l i g h t  d e c r e a s e  i n  b o t h  t h e  

p e r i o d  and ampl i tude  of t h e  p r e d i c t e d  motion i s  n o t i c e d  i n  t h e  s i n g l e  

p r e c i s i o n  r e s u l t s .  



The response curves f o r  s e v e r a l  s h e l l s  i n  which the  behavior is only 

moderately non l inea r  a r e  discussed i n  t h e  a p p l i c a t i o n s  s e c t i o n .  These 

curves ,  obtained us ing  s i n g l e  p r e c i s i o n  accuracy i n  t h e  DYNASOR programs, 

a r e  shown t o  be i n  q u i t e  good agreement wi th  t h e  s o l u t i o n s  t o  which they 

a r e  be ing  compared. This implies  t h a t  t h e  double-precis ion accuracy i s  

necessary i n  t h e  360165 system only f o r  t h e  a n a l y s i s  of s h e l l s  which ex- 

h i b i t  h igh ly  non l inea r  behavior .  It i s  be l ieved  t h a t  i f  t h e  DYNASOR pro- 

grams a r e  used on computers which have a  longer  word l eng th  than t h e  

360165 system double-precis ion accuracy w i l l  n o t  b e  necessary.  

E f f e c t  of Load Ex t r apo la t ion  Procedure 

The e f f e c t  of t h e  accuracy of t h e  e x t r a p o l a t i o n  procedure used t o  

determine the  loads  mat r ix  i n  Eq .  35 was a l s o  inves t iga t ed .  Again, a  

t h i r t y  element i d e a l i z a t i o n  of t he  shal low cap was used along w i t h  a time 
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increment of 0.125 x 10 seconds. By eva lua t ing  t h e  r e s u l t s  presented  

i n  Fig.  1 2 ,  i t  can b e  concluded t h a t  even f o r  h igh ly  nonl inear  problems, 

t h e r e  i s  almost no advantage accrued by us ing  a  pa rabo l i c  r a t h e r  than a  
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l i n e a r  e x t r a p o l a t i o n  procedure. For a  time increment of 0.25 x 1 0  sec-  

onds, t he  s o l u t i o n  became numerical ly  uns t ab le  u s ing  t h e  cubic extrapo-  

l a t i o n  procedure b u t  remained s t a b l e  f o r  t h e  l i n e a r  approximation. 

Because of t h i s  added s t a b i l i t y ,  i t  i s  concluded t h a t  a  l i n e a r  ex t r apo la -  

t i o n  procedure can be e f f e c t i v e l y  used t o  approximate t h e  loads a t  t h e  

n th  time increment.  Using t h i s  l i n e a r  procedure r a t h e r  than the  pa rabo l i c  

one reduces t h e  amount of s t o r a g e  space requi red  by the  program and a l s o  

s l i g h t l y  reduces t h e  run time requi red  f o r  a problem s i n c e  fewer c a l c u -  

l a t i o n s  have t o  b e  performed f o r  each increment.  



Convergence w i t h  Improved F i n i t e  Element I d e a l i z a t i o n  

A s  t h e  f i n i t e  element i d e a l i z a t i o n  of a  s h e l l  i s  improved, t h e  

displacements  c a l c u l a t e d  us ing  any accep tab le  method should converge. 

To show t h a t  t h e  s o l u t i o n s  obta ined  us ing  the  Houbolt method i n  t h e  

DYNASOR programs do converge, t he  s h e l l  depic ted  i n  Fig. 10 was ana- 

lyzed  using 15,  30 and 50 element r ep re sen ta t ions .  The element d i s t r i -  

bu t ion  was chosen s o  t h a t  t h e  elements were concentrated a t  t h e  apex and 

a t  t h e  suppor ts  of t h e  s h e l l  where t h e  displacements and s t r e s s e s  vary  

r a p i d l y .  

Since l i n e a r  displacement func t ions  a r e  assumed f o r  t h e  v a r i a b l e s  

i n  t h e  nonl inear  s t r a i n  energy express ion  and s i n c e  s t r i p  i n t e g r a t i o n  

is used ac ros s  t h e  element, i t  would be  expected t h a t  t h e  convergence 

of t h e  s o l u t i o n  by inc reas ing  t h e  number of f i n i t e  elements would be  

r a t h e r  slow. This  i s  not  t h e  case ,  however, s i n c e  a  comparison of t h e  

r e s u l t s  presented i n  Fig.  1 3  shows t h a t  t h e  response curves obta ined  

us ing  the  30 and 50 element i d e a l i z a t i o n s  a r e  p r a c t i c a l l y  i d e n t i c a l  b u t  

t h a t  t h e  s o l u t i o n  has n o t  completely converged f o r  t he  1 5  element rep- 

r e s e n t a t i o n .  The response c a l c u l a t e d  f o r  t h e  15  element r e p r e s e n t a t i o n  

seems accu ra t e  enough f o r  many engineer ing  purposes s i n c e  only t h e  

per iod  and not  the  amplitude of t he  motion appears  changed. 

Each element used i n  t h e  r e p r e s e n t a t i o n  of t he  s h e l l  i nc reases  t h e  

s i z e  of the  mat r ices  which must be manipulated and hence i n c r e a s e s ,  by 

f o u r ,  t he  number of equat ions  t o  be solved f o r  each time increment.  This 

r e s u l t s  i n  a  s u b s t a n t i a l  i n c r e a s e  i n  computation time per  s t e p .  For t he  

zero  harmonic the  50 element case  requi red  more than t h r e e  times t h e  



amount of computer t ime necessary f o r  t h e  15 element example (0.0067 

minu te s l s t ep  compared t o  0.0021 rn inutes l s tep) .  

E f f e c t  of Time Increment Var i a t ion  

Houbolt 's  method has been shown (Ref. 26 and 27) t o  e x h i b i t  a 

damping phenomenon f o r  l a r g e  va lues  of t h e  time increment. It i s  nec- 

e s sa ry ,  t h e r e f o r e ,  t o  show t h a t  t h e  t ime increment used t o  o b t a i n  a 

s o l u t i o n  is sma l l  enough s o  t h a t  t h e  damping inhe ren t  i n  t h e  s o l u t i o n  

scheme does n o t  a f f e c t  t he  c a l c u l a t e d  response. Using double-precis ion 

accuracy and aga in  employing a t h i r t y  element i d e a l i z a t i o n  of t h e  cap, 

t h e  apex displacements t h a t  were c a l c u l a t e d  us ing  two d i f f e r e n t  t ime 
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increments (0.25 x 10 and 0.125 x seconds) a r e  presented  i n  

F ig .  14 .  By cons ider ing  t h i s  f i g u r e ,  i t  can be  seen t h a t  t he  s o l u t i o n  
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has converged f o r  a t ime increment a s  l a r g e  a s  0.25 x 10 seconds. The 

Houbolt s o l u t i o n ,  however, becomes numerical ly  uns t ab le  wi th  a t ime s t e p  

of 0 .5  x seconds because of t h e  in f luence  of t h e  non l inea r  t e r m s .  

The Chan, Cox, and Benfield s o l u t i o n  (6 = 114) was numerical ly  u n s t a b l e  
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f o r  a t ime s t e p  a s  sma l l  a s  0.125 x 10 seconds. Hence, i t  is  aga in  

observed t h a t  t h e  Houbolt s o l u t i o n  scheme is  numerical ly  s t a b l e  f o r  

much l a r g e r  time s t e p s  than  can be  used i n  t h e  Chan, Cox, and Benf ie ld  

r o u t i n e .  

The response of t h e  s h e l l  depic ted  i n  F ig .  10 sub jec t ed  t o  a uni- 

form e x t e r n a l  p re s su re  i s  presented  i n  t h e  a p p l i c a t i o n s  sec t ion .  A 
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time s t e p  of 1 x 10 seconds was used t o  c a l c u l a t e  t h i s  response. 

Since the  response t o  t h e  p re s su re  loading  does no t  e x h i b i t  t h e  h igh  

degree of n o n l i n e a r i t y  present  under t h e  concentrated loading ,  a l a r g e r  

time increment could be used. These r e s u l t s  i n d i c a t e  t h a t  t he  c r i t i c a l  



time increment which can be used depends not only upon the geometry of 

the shell but also upon the degree of nonlinearity. 



APPLICATIONS 

The purpose of t h i s  s e c t i o n  i s :  

(1) To present  a  comparison of c u r r e n t  f i nd ings  wi th  o t h e r  theo- 

r e t i c a l  and experimental  r e s u l t s .  

(2)  To p re sen t  s o l u t i o n s  t o  problems t h a t  w i l l  demonstrate the  

c a p a b i l i t i e s  of the  computer code. 

The f i r s t  example employs t h e  shal low s h e l l  and the  axisymmetric 

loading  descr ibed  by Klein and Sy lves t e r .  The r e s u l t s  have been v e r i -  

f i e d  by Popov using t h e  normal mode supe rpos i t i on  technique.  

The s h e l l  had a  r ad ius  of cu rva tu re  of 22.27 inches ,  base diameter  

of 20 inches ,  a  s h e l l  r i s e  of 2.37 inches ,  and a  th ickness  of 0.41 inches .  

The modulus of e l a s t i c i t y  and Poisson ' s  r a t i o  were taken t o  be 10.5 x 10 
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p s i  and 0 .3 ,  r e spec t ive ly  and t h e  ends of t he  s h e l l  were assumed t o  b e  

f ixed .  

Klein and Sy lves t e r  p re sen t  a  l i n e a r  a n a l y s i s  based on con ica l  f ru s -  

tum elements  and the numerical i n t e g r a t i o n  scheme described i n  Ref. 20. 

The formulat ion a l s o  makes use of a  mass mat r ix  based on energy p r i n c i -  

p l e s  but does n o t  inc lude  the  e f f e c t s  of r o t a r y  i n e r t i a .  These e f f e c t s  

a r e  no t  s i g n i f i c a n t  f o r  t he  problem under cons idera t ion .  The time s t e p  

of I x  loe5 seconds and the  30 element i d e a l i z a t i o n  used i n  Ref. 19 were 

used i n  t h i s  research .  

An i n v e s t i g a t i o n  of Fig. 15 r evea l s  t h a t  t he  agreement i s  q u i t e  

good and the  e f f e c t  of n o n l i n e a r i t i e s  i s  no t  s i g n i f i c a n t .  The s l i g h t  

d i sc repanc ie s  a t  the  h igher  times can conceivably be a t t r i b u t e d  t o  t h e  

d i f f e r e n c e s  i n  formulat ion and method of s o l u t i o n  o r  the f a c t  t h a t  dou- 

b l e  p r e c i s i o n  a r i t hme t i c  i s  employed by Klein and Sy lves t e r .  



The second example involves  t he  c y l i n d r i c a l  s h e l l  descr ibed  i n  Ref. 2 7  

having geometr ic  and ma te r i a l  p r o p e r t i e s  t y p i c a l  of those used i n  t h e  m i s -  

s i l e  i n d u s t r y .  The s t r u c t u r e  i s  sub jec t ed  t o  a  b l a s t  l oad ing  and r e q u i r e s  

t h e  use of  t he  0 ,  1, and 2 Four ie r  harmonics. Figure 16  shows a  p l o t  o f  

t he  time h i s t o r y  of  t he  Four ie r  c o e f f i c i e n t s  of  normal displacement  a t  t he  

f r e e  end of  t he  cy l inde r .  The r e s u l t s  ob ta ined  a r e  i d e n t i c a l  t o  t he  ones 

presen ted  i n  Ref. 27. Houbolt ls  s o l u t i o n  procedure w i t h  a  t i m e  increment  

of 5 x l om6  seconds was used i n  t h e  s o l u t i o n .  

The t h i r d  example i l l u s t r a t e s  the  v e r s a t i l i t y  of t h e  computer code 

and s o l v e s  t h e  important  problem of  t h e  symmetric buckl ing o f  sha l low 

s p h e r i c a l  caps under a  s t e p  p re s su re  load ing .  The problem h a s  been in -  

v e s t i g a t e d  by o t h e r  r e sea rche r s  32 ' 33' 34 and rnos t r e s u l t s  a r e  now i n  

good agreement. However, a t  t h e  beginning o f  t h i s  s tudy  only t h e  r e s u l t s  

of ~ u a n ~ ~ ~  and ~ i m i t s e s ~ ~  were a v a i l a b l e  and they d i d  n o t  ag ree .  

The s h e l l  s e l e c t e d  f o r  t h e  s tudy  i s  the  one s t u d i e d  exper imenta l ly  

i n  Ref. 35 wi th  d i f f e r e n t  va lues  o f  t h e  sha l low s h e l l  parameter  be ing  ob- 

t a ined  by varying t h e  th ickness .  The r e s u l t s  a r e  depic ted  i n  Fig. 17 .  

The c u r r e n t  r e s u l t s  were ob ta ined  by us ing  30 elements and t h e  numerical  

i n t e g r a t i o n  scheme presen ted  i n  Ref. 20 wi th  B = $; however, a  check has  

been made us ing  Houbolt ' s  method and t h e  r e s u l t s  a r e  t h e  same. 

This problem aga in  r evea l s  t h e  advantages of t h e  Houbolt ' s method 

over  t h e  method of  Chan, Cox, and Benf ie ld  w i th  B = $ . The s o l u t i o n  
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obta ined  wi th  Houbolt ' s  method used a  t ime increment of  1 x 1 0  seconds 

whereas t h e  method of Chan, Cox and Benf ie ld  r equ i r ed  a  time increment 

of .125 r seconds. Thus, f o r  t h i s  problem Houbolt ' s  method i s  more 

than e i g h t  t i m e s  a s  e f f i c i e n t  a s  t h e  method of Ref. 20. 



The c u r v e s  shown i n  Fig .  1 7  r e v e a l  t h a t  t h e  r e s u l t s  o b t a i n e d  w i t h  

DYNASOR and t h o s e  p r e s e n t e d  i n  Refs.  33 and 34 are i n  good agreement.  

A more d e t a i l e d  d i s c u s s i o n  o f  t h i s  problem i s  g i v e n  i n  Ref. 21. 

The f o u r t h  a p p l i c a t i o n  o f  t h e  program concerns  t h e  s o l u t i o n  of a  

problem t h a t  h a s  n e v e r  been s o l v e d .  T h i s  problem i s  t h e  one o f  asym- 

m e t r i c a l  b u c k l i n g  o f  a s h a l l o w  cap  under  a s t e p  p r e s s u r e  l o a d i n g .  The 

s h e l l  used i n  t h e  s t u d y  h a s  t h e  same b a s i c  geometry as t h e  one used i n  

t h e  t h i r d  example b u t  h a s  a  t h i c k n e s s  cor responding  t o  a  s h a l l o w  s h e l l  

pa ramete r  A ,  of  6 .  

The response  o f  f o u r  F o u r i e r  harmonics was i n v e s t i g a t e d  by b o t h  

Houbol t ' s  method and t h e  method of  Ref. 20 and t h e  r e s u l t s  were t h e  same. 

I n  one c a s e  t h e  0 ,  1, and 2  harmonics were used and i n  t h e  second c a s e  t h e  

0 ,  2 ,  and 3. Both c a s e s  r e v e a l e d  t h a t  f o r  t h e  c a s e  of X = 6 ,  t h e r e  i s  no 

b u i l d  up i n  t h e  f i r s t  o r  t h i r d  F o u r i e r  harmonics and i t  i s  t h e  second 

harmonic t h a t  r e a c h e s  r e l a t i v e l y  l a r g e  d i sp lacements .  The same phenom- 

enon h a s  p r e v i o u s l y  been observed i n  t h e  s t a t i c  c a s e .  

The l o a d i n g  c o n s i s t e d  o f  a  c o n s t a n t  uniform s t e p  p r e s s u r e  o v e r  t h e  

e n t i r e  s h e l l  e x c e p t  f o r  a s l i g h t  i n c r e a s e  o v e r  a c i r c u m f e r e n t i a l  a n g l e  

o f  f o u r  degrees .  I t  was n e c e s s a r y  t o  do t h i s  i n  o r d e r  t o  e x c i t e  t h e  f i r s t ,  

second and t h i r d  F o u r i e r  harmonics.  

F igure  1 8  d e p i c t s  t h e  response  o f  t h e  second harmonic f o r  v a r i o u s  

p r e s s u r e  r a t i o s  and shows how a  r e l a t i v e l y  s m a l l  i n c r e a s e  i n  t h e  l o a d  

can s i g n i f i c a n t l y  i n c r e a s e  t h e  response  o f  t h e  second harmonic when a 

c r i t i c a l  l o a d i n g  i s  approached. F igure  1 9  shows how t h e  d i sp lacements  

f o r  t h e  second harmonic can b u i l d  up t o  v a l u e s  hav ing  t h e  same o r d e r  o f  

magnitude of t h o s e  o f  t h e  symmetric component and a t  some c r i t i c a l  t i m e  



t h e  two combine t o  g i v e  a  v e r y  l a r g e  d i sp lacement  and e n a b l e  us t o  de -  

f i n e  a  b u c k l i n g  l o a d .  

The dynamic buck l ing  p r e s s u r e  may be o b t a i n e d  from Fig.  19.  I t  i s  

s e e n  from t h i s  f i g u r e  t h a t  b u c k l i n g  o c c u r s  a t  PIP = .604 a s  compared 
c r  

w i t h  .64 f o r  symmetr ical  b u c k l i n g .  However, i t  i s  observed from Fig .  1 9  

t h a t  t h e  second harmonic i s  e x c i t e d  a p p r e c i a b l y  f o r  a l l  v a l u e s  o f  PIPcr 

above . 5 .  Thus, t h e  t h r e s h o l d  v a l u e  i s  .5 .  T h i s  t h r e s h o l d  v a l u e  h a s  

n o t  been shown t o  be  a  b u c k l i n g  l o a d  b u t  i t  i s  c o n c e i v a b l e  t h a t  i f  t h e  

c a l c u l a t i o n s  were c a r r i e d  f o r  a  l a r g e  enough p e r i o d  o f  t ime b u c k l i n g  might 

occur .  At most ,  t h e  u s e  o f  t h e  t h r e s h o l d  v a l u e  i s  s l i g h t l y  c o n s e r v a t i v e .  

The p o s s i b i l i t y  of asymmetr ical  b u c k l i n g  i s  d e p i c t e d  i n  Fig .  1 7  a s  any 

v a l u e  above PIP = .5.  
C r 

The f i f t h  example (F ig .  20) demons t ra tes  t h e  f e a s i b i l i t y  o f  t h e  f i -  

n i t e  e lement  method f o r  t h e  a n a l y s i s  of wave p r o p a g a t i o n  i n  s h e l l s  o f  

r e v o l u t i o n ,  Th is  example s o l v e s  t h e  problem o f  a c y l i n d r i c a l  b a r  h a v i n g  

a l e n g t h  of 24 i n c h e s ,  r a d i u s  o f  6  i n c h e s ,  and a  w a l l  t h i c k n e s s  o f  0 . 1  

i n c h e s .  The modulus of e l a s t i c i t y ,  P o i s s o n ' s  r a t i o  and t h e  mass d e n s i t y  

6 3  
were t a k e n  a s  1 0  x  1 0  p s i ,  0.333, and 0.0942 l b m l i n  , r e s p e c t i v e l y .  The 

c y l i n d e r  was assumed t o  b e  f i x e d  a t  one end and f r e e  a t  t h e  o t h e r  w i t h  t h e  

f r e e  end be ing  s u b j e c t e d  t o  a un i fo rmly  d i s t r i b u t e d  a x i a l  p r e s s u r e  o f  i n -  

f i n i t e  d u r a t i o n  hav ing  a  v a l u e  o f  100 p s i .  The s o l u t i o n  was performed 

u s i n g  Houbol t ' s  method i n  double  p r e c i s i o n  a r i t h m e t i c ,  a t ime inc rement  

of 1 x s e c o n d s ,  and 50 f i n i t e  e lements .  The e lement  breakdown was 

1 0  of .24" i n  l e n g t h ,  1 0  o f  .48", 1 0  o f  .96", 1 0  o f  .48", and 1 0  o f  .24" 

i n  l e n g t h .  



The e x a c t  s o l u t i o n  i s  o b t a i n e d  from e lementa ry  wave mechanics.  The 

speed o f  sound i n  t h e  m a t e r i a l  i s  g iven  by 

S u b s t i t u t i n g  t h e  m a t e r i a l  p r o p e r t i e s  i n t o  Eq. 55 y i e l d s  a speed  o f  sound 

of  214,749 in/sec. %us, an expansion wave t r a v e l s  down t h e  c y l i n d e r  a t  t h e  

p r e s c r i b e d  speed.  The t h e o r e t i c a l  s t r e s s  beh ind  t h e  wave i s  100 p s i  w i t h  

ze ro  stress e x i s t i n g  i n  f r o n t  o f  t h e  wave. When t h e  wave reaches  t h e  w a l l  

i t  i s  r e f l e c t e d  a s  an  expansion wave which t r a v e l s  back down t h e  c y l i n d e r .  

A f t e r  t h e  t i m e  r e q u i r e d  f o r  t h e  wave t o  t r a n s v e r s e  t h e  c y l i n d e r  i n  b o t h  

d i r e c t i o n s  t h e  s t a t e  o f  s t r e s s  i s  a c o n s t a n t  v a l u e  o f  200 p s i .  The ex- 

pansion wave i s  r e f l e c t e d  from t h e  f r e e  end as a compress ive  wave which 

reduces  t h e  stress t o  100 p s i  and back t o  z e r o  a f t e r  r e f l e c t i o n  from t h e  

f i x e d  end.  T h i s  b e h a v i o r  g i v e s  d i sp lacement  o f  a saw t o o t h  n a t u r e  as 

shown i n  Fig .  20 a l o n g  w i t h  t h e  f i n i t e  e lement  r e s u l t s .  It i s  n o t e d  t h a t  

t h e  agreement i s  e x c e l l e n t .  

F igures  21  and 22 p r e s e n t  t h e  d i sp lacements  and m e r i d i o n a l  stress 

along t h e  l e n g t h  o f  t h e  c y l i n d e r  a f t e r  50 microseconds.  A f t e r  t h i s  p e r i o d  

o f  t ime ,  t h e  wave has  t r a v e l l e d  through t h e  two changes i n  l e n g t h  i n  t h e  

f i n i t e  e lement  i d e a l i z a t i o n .  It i s  no ted  t h a t  t h e  f i n i t e  e lement  and 

wave t h e o r y  r e s u l t s  a r e  i n  e x c e l l e n t  agreement f o r  d i sp lacement  and q u i t e  

good f o r  stresses. 

The s o l u t i o n  of t h e  s i x t h  example problem was performed f o r  t h e  

purpose  o f  check ing  o u t  t h e  code f o r  m u l t i p l e  harmonics ,  The s h e l l  



s e l e c t e d  f o r  t h i s  example was a  s p h e r i c a l  c a p  w i t h  a  r a d i u s  o f  curva-  

t u r e  o f  60 i n c h e s ,  a  b a s e  r a d i u s  o f  4.28 i n c h e s ,  and a t h i c k n e s s  o f  

0.125 i n c h e s .  The l o a d i n g  was l o c a l i z e d  a s  shown i n  Fig .  23  and was 

a p p l i e d  o v e r  a two-inch r a d i u s  c i r c l e  w i t h  t h e  c e n t e r  3e from t h e  apex. 

The s o l u t i o n  w a s  o b t a i n e d  u s i n g  twenty-eight  e lements  and t h e  f i r s t  

f i v e  F o u r i e r  harmonics.  The method o f  Ref. 20 w i t h  a t ime increment  o f  

.25  x seconds was used i n  t h e  s o l u t i o n .  

F i g u r e  23 is  a  p l o t  o f  t h e  v e r t i c a l  d e f l e c t i o n  o f  8 = 0' and 

r = 1.56 i n c h e s  and r e v e a l s  t h a t  t h e  dynamic s o l u t i o n  o s c i l l a t e s  a b o u t  

t h e  s t a t i c  s o l u t i o n .  Next t o  t h e  z e r o  harmonic ,  t h e  f i r s t  F o u r i e r  h a r -  

monic was found t o  g i v e  t h e  most s i g n i f i c a n t  c o n t r i b u t i o n .  The lower  

d i sp lacement  peak t h a t  i s  e x p e r i e n c e d  a t  a  t i m e  of approx imate ly  1000 p s e c  

i s  due t o  t h e  f a c t  t h a t  t h e  ze ro  and t h e  f i r s t  harmonics a r e  o u t  o f  phase .  

F i g u r e s  24 through 27 r e p r e s e n t  p l o t s  o f  t h e  s t r e s s  r e s u l t a n t s  as a 

f u n c t i o n  o f  t i m e .  I n  a l l  c a s e s ,  t h e  dynamic s o l u t i o n  a p p e a r s  r e a l i s t i c  

and o s c i l l a t e s  a b o u t  t h e  s t a t i c  v a l u e .  The e f f e c t  o f  n o n l i n e a r i t i e s  was 

n o t  h i g h l y  s i g n i f i c a n t  f o r  t h e  l o a d i n g  c o n s i d e r e d .  



COMPUTER PROGRAM 

The a n a l y s i s  and numer ica l  s o l u t i o n  d e s c r i b e d  h e r e i n  have been pro- 

grammed i n  double  p r e c i s i o n  i n  t h e  FORTRAN I V  language and c a r r i e d  o u t  

on an IBM 360165 computer. For computat ion e f f i c i e n c y ,  t h e  computer code 

i s  l o g i c a l l y  s e p a r a t e d  i n t o  two p a r t s .  The f i r s t  code ,  c a l l e d  DYNASOR I 

(Dynamic - - Nonl inear  - Analys i s  o f  - S h e l l s  - Of - R e v o l u t i o n ) ,  a c c e p t s  a d e s c r i p -  

t i o n  o f  t h e  s t r u c t u r e ,  g e n e r a t e s  s t i f f n e s s  and mass m a t r i c e s ,  and w r i t e s  

them on t a p e  f o r  i n p u t  t o  t h e  second code,  DYNASOR 11. DYNASOR I1 gener-  

ates g e n e r a l i z e d  f o r c e s  from a mechanical  and the rmal  l o a d  h i s t o r y ,  r e a d s  

t h e  s t i f f n e s s  and mass m a t r i c e s  from t a p e ,  and then  s o l v e s  t h e  i n i t i a l  

v a l u e  problem based upon g iven  i n i t i a l  d i sp lacements  and v e l o c i t i e s .  

Segmenting t h e  computer code i n  t h i s  manner h a s  s e v e r a l  advan tages .  

Once an  e lement  c o n f i g u r a t i o n  f o r  a s t r u c t u r e  i s  s e l e c t e d ,  DYNASOR I i s  

execu ted  o n l y  once  a t  which t ime s t i f f n e s s  and mass m a t r i c e s  f o r  up t o  

twenty F o u r i e r  c o s i n e  harmonics a r e  g e n e r a t e d  and s t o r e d  on t a p e .  DYNASOR 

then  u s e s  t h i s  t a p e  as i n p u t  t o  pe r fo rm a n a l y s e s  u s i n g  v a r i o u s  l o a d i n g  

c o n d i t i o n s ,  t i m e  i n c r e m e n t s ,  o r  harmonic numbers w i t h o u t  h a v i n g  t o  gener -  

a t e  s t i f f n e s s  and mass p r o p e r t i e s  anew f o r  each  a n a l y s i s .  T h i s  r e s u l t s  

i n  t h e  s a v i n g  o f  a c o n s i d e r a b l e  amount o f  computer t i m e ,  e s p e c i a l l y  i f  

a l a r g e  number of a n a l y s e s  a r e  performed on t h e  same s t r u c t u r e .  A maximum 

o f  f i v e  harmonics i s  p e r m i t t e d  i n  t h e  s o l u t i o n  by DYNASOR I1 w i t h  t h e  

s e l e c t i o n  o f  which harmonics t o  u s e  be ing  based on t h e  p a r t i c u l a r  pro-  

blem a t  hand. The program a u t o m a t i c a l l y  s c a n s  t h e  t a p e  and i n p u t s  o n l y  

s t i f f n e s s  and mass m a t r i c e s  f o r  t h o s e  harmonics which are r e q u e s t e d .  I n  



a d d i t i o n ,  o t h e r  computer codes can be  i n t e r f a c e d  w i t h  DYNASOR I s o  t h a t  

they u t i l i z e  t h e  s t i f f n e s s ,  mass,  and o t h e r  p r o p e r t i e s  s t o r e d  on t a p e .  

SNASOR 11, a  computer code p r e s e n t l y  under  development f o r  t h e  s t a t i c  

n o n l i n e a r  a n a l y s i s  o f  s h e l l s  of r e v o l u t i o n ,  a c c e p t s  t h i s  t a p e  a s  i n p u t  

s o  t h a t  s t i f f n e s s  p r o p e r t i e s  do n o t  have t o  b e  g e n e r a t e d .  I n  a d d i t i o n ,  

a  program t o  c a l c u l a t e  mode shapes  and f r e q u e n c i e s  u t i l i z e s  t h e  mass and 

s t i f f n e s s  m a t r i c e s  s t o r e d  on t h i s  t a p e .  

Cons iderab le  t i m e  h a s  been devoted t o  making t h e  computer program 

an e f f i c i e n t ,  v e r s a t i l e ,  and easy  t o  u s e  code. To avo id  t h e  t e d i o u s  t a s k  

of i n p u t t i n g  t h e  c o o r d i n a t e s  and s l o p e s  a t  i n d i v i d u a l  n o d a l  p o i n t s ,  sev-  

e r a l  s u b r o u t i n e s  have been i n c l u d e d  i n  DYNASOR I which a u t o m a t i c a l l y  

g e n e r a t e  t h i s  i n f o r m a t i o n  w i t h  on ly  a minimum o f  i n p u t  d a t a  r e q u i r e d .  

The program w i l l  g e n e r a t e  t h e  geometry f o r  any s h e l l  o f  r e v o l u t i o n  t h e  

m e r i d i a n  of which can b e  made up o f  a  combinat ion of s t r a i g h t  l i n e s ,  

c i r c u l a r  a r c s ,  o r  p a r a b o l i c  s e c t i o n s .  

The mechanical  l o a d  h i s t o r y  i s  d e s c r i b e d  by s p e c i f y i n g  t h e  p r e s s u r e  

d i s t r i b u t i o n  o v e r  t h e  e lement  a t  d i s c r e t e  t ime i n t e r v a l s  w i t h  a l i n e a r  

v a r i a t i o n  be ing  assumed between t h e  s p e c i f i e d  t i m e s .  For a p a r t i c u l a r  

e lement ,  t h e  p r e s s u r e  d i s t r i b u t i o n  i s  assumed t o  be  c o n s t a n t  i n  t h e  

m e r i d i o n a l  d i r e c t i o n  and t o  va ry  a s  a  s t e p  f u n c t i o n  i n  t h e  c i rcumferen-  

t i a l  d i r e c t i o n .  The the rmal  l o a d  h i s t o r y  i s  d e s c r i b e d  s i m i l a r l y  by 

e i t h e r  i n p u t t i n g  t h e  t empera tu re  and t empera tu re  g r a d i e n t  d i s t r i b u t i o n  

o r  by i n p u t t i n g  t h e  F o u r i e r  c o e f f i c i e n t s  f o r  t h e  t empera tu re  and tem- 

p e r a t u r e  g r a d i e n t  d i s t r i b u t i o n .  



The computer code has a  r e s t a r t  p rov i s ion  pe rmi t t i ng  the  program 

t o  be r e s t a r t e d  a t  a  p a r t i c u l a r  time increment once t h e  program has  

been run up t o  t h a t  time increment.  The program al lows r e s t a r t  i n -  

formation t o  be placed on tape  p e r i o d i c a l l y  dur ing  t h e  execut ion o f  

DYNASOR 11. I f  subsequent ana lys i s  of t h e  output  i n d i c a t e s  t h a t  a 

sma l l e r  time increment i s  needed, then  t h e  program can be au tomat ica l ly  

cycled t o  any time increment f o r  which r e s t a r t  in format ion  i s  s t o r e d  

on t ape  and then t h e  a n a l y s i s  r e s t a r t e d  wi th  a  smal l  time increment.  

This  r e s t a r t  f e a t u r e  can save a  cons iderable  amount of computer t i m e  

p a r t i c u l a r l y  i n  buckl ing ana lyses .  

The computational e  f  fo  r t  requi red  i n  eva lua t ing  the  non l inea r  terms 

has been cons iderably  lessened  s i n c e  the  o r i g i n a l  method descr ibed  i n  

Ref. 4. Rather than  eva lua t ing  these  n o n l i n e a r i t i e s  i n  terms of t h e  

a c o e f f i c i e n t s  and then transforming back to the  c y l i n d r i c a l  coo rd ina t e  

sys  tern, t h e  n o n l i n e a r i t i e s  a r e  w r i t t e n  i n  f i n i t e  d i f f e r e n c e  form d i -  

r e c t l y  i n  terms of the  gene ra l i zed  nodal coord ina tes .  In  a d d i t i o n ,  t he  

t h i r d  and f o u r t h  order  t r igonometr ic  i n t e g r a l s  d i scussed  i n  Eq. 12 a r e  

eva lua ted  exac t ly  and s t o r e d  i n  an a r r a y  r a t h e r  than  c a l c u l a t i n g  them 

each and every time they a r e  needed. I n  p r a c t i c e ,  i t  t u r n s  ou t  t h a t  most 

of t hese  i n t e g r a l s  a r e  zero. Consequently, program l o g i c  i s  organized s o  

t h a t  when t h e  i n t e g r a l s  f o r  a  p a r t i c u l a r  harmonic combination a r e  zero ,  

the  program automat ica l ly  s k i p s  t he  c a l c u l a t i o n  of t he  non l inea r  terms 

s i n c e  needless  c a l c u l a t i o n  would r e s u l t  only i n  a  ze ro  con t r ibu t ion .  The 

s o l u t i o n  of t he  l i n e a r  a l g e b r a i c  s e t  of equi l ibr ium equat ions  i s  f a c i l i -  

t a t e d  through the  u s e  of an e f f i c i e n t  Gaussian e l imina t ion  procedure. 



To minimize s t o r a g e  requirements ,  t h e  s t i f f n e s s  ma t r ix  i s  arranged as 

a one-dimensional a r r a y  wi th  only t h e  upper band p o r t i o n  of t h e  sym- 

m e t r i c  s t i f f n e s s  mat r ix  be ing  s t o r e d .  The s o l u t i o n  of  204 e q u i l i b r i u m  

equa t ions  r e q u i r e s  less than  0 . 1  seconds on t h e  IBM 360165. 

The program output  c o n s i s t s  of  a l l  i npu t  c o n t r o l  words, i npu t  l oads  

and tempera tures ,  gene ra l i zed  f o r c e s ,  s t i f f n e s s  and mass m a t r i c e s ,  and 

t h e  r e s u l t a n t  displacements  and s t r e s s  r e s u l t a n t s .  The displacements  

and s t r e s s  r e s u l t a n t s  a r e  p r i n t e d  a t  a l l  o r  any of t h e  t ime increments  

s p e c i f i e d  and f o r  a s  many c i r c u m f e r e n t i a l  angles  a s  des i r ed .  

The program, a s  w r i t t e n  f o r  t h e  I B M  360165 computer, a l lows a 

s o l u t i o n  us ing  up t o  f i f t y  elements and f i v e  Four ie r  harmonics. I n  

double p r e c i s i o n ,  DYNASOR I r e q u i r e s  approximately 96,000 b y t e s  of 

s t o r a g e  wh i l e  DYNASOR I1 r e q u i r e s  282,000 by te s .  Both programs r e q u i r e  

one s c r a t c h  d i s k  and one d i s k  o r  t a p e  f o r  permanent s t o r a g e  o f  t h e  

s t i f f n e s s  and mass p r o p e r t i e s  of t h e  s t r u c t u r e .  Considering t h e  com- 

p l e x i t y  of t h e  computer program, i t  i s  extremely e f f i c i e n t .  For example, 

t h e  s i n g l e  p r e c i s i o n  s o l u t i o n  t o  t h e  problem i n  Fig.  16 u s ing  t h i r t y  

elements and t h r e e  harmonics was ob ta ined  i n  13  minutes.  The double 

p r e c i s i o n  s o l u t i o n  t o  t h e  problem i n  Fig.  20 u s ing  one harmonic and f i f t y  

e lements  r equ i r ed  7 minutes .  I n  double p r e c i s i o n ,  approximately 0 . 4  

seconds o f  computer t i m e  a r e  r equ i r ed  p e r  t ime cyc l e  us ing  one Four i e r  

harmonic and f i f t y  elements.  For f i v e  harmonics and f i f t y  e lements ,  4 

seconds a r e  r equ i r ed  per  t i m e  cyc l e .  Few moderately non l inea r  problems 

w i l l  r e q u i r e  more than  t h i r t y  minutes of computer t ime on t h e  I B M  360165. 

With o t h e r  computers, such a s  t h e  CDC 6600, t h i s  time could b e  c u t  

apprec iab ly  and t h e  a l lowable  number of  harmonics and elements  i nc reased .  



CON CLUS I O N S  

A f o r m u l a t i o n  and computer code h a s  been developed which a l l a w s  t h e  

s o l u t i o n  o f  problems i n  t h e  n o n l i n e a r  dynamic a n a l y s i s  of s h e l l s  o f  r e v o l u -  

t i o n  i n  r e a s o n a b l e  p e r i o d s  o f  t ime on t h e  computer. U s e  o f  t h e  computer 

code h a s  been demonstra ted through t h e  s o l u t i o n  o f  a wide c l a s s  o f  d i f f i -  

c u l t  and p r a c t i c a l  problems. 

The p a r t i c u l a r  noteworthy f e a t u r e s  o f  t h e  f o r m u l a t i o n  a r e  : 

1. The n o n l i n e a r  terms a r e  t8ken t o  t h e  r igh t -hand  s i d e  o f  t h e  

e q u a t i o n s  o f  e q u i l i b r i u m  and t r e a t e d  a s  psuedo f o r c e s .  

2 .  The n o n l i n e a r  terms a r e  e v a l u a t e d  by u s i n g  l i n e a r  d i sp lacements  

i n  t h e  m e r i d i o n a l  d i s t a n c e ,  s ,  f o r  t h e  normal d i sp lacement ,  w, a s  w e l l  

a s  t h e  m e r i d i o n a l  and c i r c u m f e r e n t i a l  d i sp lacements .  Rapid convergence 

o f  r e s u l t s  w i t h  mesh re f inement  i s  observed.  

3 .  Houbol t ' s  method of s o l u t i o n  i s  ex tended  t o  treat n o n l i n e a r  prob- 

l e m s  by u s i n g  a l i n e a r  e x t r a p o l a t i o n  t o  o b t a i n  t h e  n o n l i n e a r  psuedo l o a d s  

a t  t + A t  i n  terms t h e  l o a d s  a t  t and t - A t .  I t  is  demonstra ted t h a t  

t h i s  p rocedure  is  s t a b l e  f o r  h i g h l y  n o n l i n e a r  problems. 

The method of  s o l u t i o n  which proved t o  b e  t h e  most s t a b l e  i s  H o u b o l t ' s  

method w i t h  t h e  n o n l i n e a r  terms being determined by a  f i r s t  o r d e r  T a y l o r ' s  

expansion.  Undoubtedly, t h e  u s e  o f  a  T a y l o r ' s  expansion c o n t r i b u t e s  t o  

making t h e  method u n s t a b l e  f o r  l a r g e  t ime inc rements ;  b u t ,  i n  s p i t e  o f  

t h i s ,  H o u b o l t ' s  method is  more s t a b l e  t h a n  t h e  o t h e r  numerical  methods 

which do n o t  r e q u i r e  an  e x t r a p o l a t i o n  o f  t h e  l o a d s .  
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APPENDIX A 

M A S S  M A T R I X  

Zero Harmonic 

- - - - 
M15 

= M16 = M17 = M18 = 0 

- 2 
3 

2 2 
'" / r d s  M = 2 p n t j r s  d s  + -  

6 

- 5 3 3 
M34 = 2 p n t j r s  d s  + p ~ t  jrs d s  



- 3 

M56 = 2 p n t j r s d s  + - 2  
j rQ1 s d s  6 

t h 
i Harmonic 

- 3 
2  p n t  d s  

M1l 
= p-r r t j rds  + i 

1 2  r 
- 2  p n t 3  s d s  
V12 = p n t i r s d s  + i - i - 

1 2  r 
- 2 

3  2  p n t  2  
M13 = p n t j r s  d s  + i 

1 2  J s d s  
r 

- 3 
3 2 p n t  3  

M14 = p n t i r s  d s  + i 
1 2  

/ s d s  

- - - M15 - M16 = 0 

- 3 - iEL J. & ds 
5 7  - 1 2  r 
- 3 

. p n t  /. c o s +  M18 = 1 
1 2  

s d s  r 
- 2  3  3  2  

= p n t i r s  d s  + j r d s  + i 2 p n t  s d s  
M22 1 2  1 2  r 
- 3 3  3 3  

M2 3 
= p n t j r s  d s  + I r s d s  + i2 j sds 

6  1 2  r 
- 4 3  2  3  4 

2 p n t  s d s  M = p n t j r s  d s  + j rs d s  + i 12 
2  4 4 j T- 
- 3  

M2 5 
- - " j r Q 1 d s  

1 2  
- 3 

'2 6 = j r m ' s d s  
1 2  



- 3 

M2 7 
- - i& j 5E.!%!t sds 

12 r 
- 3 

M2 8 
- - ,& j COSm s2ds 

1 2  r 
-- 4 3 2 2 t3 4 
N 3 3 = p n t j r s  d s  + & I  3 rs d s  +i LJ 1 2  

r 
- 5 3 3 2 t  3 5 
M34 = p n t l r s  d s  + f@L 2 J rs ds  +i J?&- j a r 

- 3 -a 
M35 - 6 j r + ' s d s  
-- - 2 
M36 - 6 j r+'s d s  

- 3 
p a t  COS+ s2ds 

M37 
=i-/- 

1 2  r 

- 2 3 

M~~ = p n t l r s  d s  + l r@ '2s2ds  
1 2  

- - 
M67 - M68 = 0 

- 3 2 
P V t  C O S  + dS M77 = w t i r d s  + --i - 

1 2  r 
- 3 2 

P T t  
1 2  

'OS ' s d s  M78 = p n t i r s d s  + - l - 
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The mass matrix in structural coordinates is obtained from 



Appendix B.  L inear  Thermal Loads 

Using t h e  s t ra in-d isp lacement  r e l a t i o n s ,  t h e  p a r t i a l  d e r i v a t i v e s  of 

t 
U wi th  r e spec t  t o  the  c o e f f i c i e n t s ,  a l ,  a 2 ,  ... a can b e  obta ined  from 

L 8 

E q .  26 f o r  harmonic i > 0 :  

auki 
-- i 

i 
- - BITi mlsrds + B2Ti scos4 ds  + B4T1 [ i 2  I a r ds  - I s i n $  d s ]  

3% 

d U 
L - -  2 2 i - - BITi 4's r d s  + B2Ti s case ds  - 2B3T1 I r d s  + B4T1 - i 

2 
[ i 2  " d s  r - 2 s s i n 4  d s ]  

L L 
8UL 
- -  3 3 i --B 1 Ti I 4's rds  + B2Ti s cosm ds - 6B3Tvi I s r d s  + B Tli  
aa ,  

4 

aug 
- =  B ~ T ~  s i n 4  ds - B ~ T  l i  I m 1 !  r d s  - B4Tli I 4 '  s i n 4  rds  

i a 
5 



auki 
- -  - BITi I rds + B ~ T ~  I s sin$ ds - 

B3T (4"s + ) rds  
aUi 

6 

where B = Cla(as + vsecie) 1 

B2 = C a(ae  + v  a ) 2 8s s 

Bj = Drr(a + v  a )  
1 s S O  8 

B4 = D a(ae  + V  " ) 2 0 s  s 



For harmonic i = 0: 

auto 
= 2[ - BIT0 I + I  r d s  + B ~ T O  I cos+ ds ] 

a a0 1 

auLO 
- -  - 2[ - BITO I m'srds + B2T0 I s cos( d s  - B ~ T ' O  I s i n +  ds ]  

a a0 2 

au;O 
- -  2 2 

o - 2[ - BITO I 4's rds  + B2T0 I s cos+ ds  - 2B3T10 rds  

8% 

auEO 
- = 2[  B2T0 I s i n +  ds  - B3T10 +l trds  - B4Tt0 + ' s i n (  r d s  ] 
a a: 

auiO 
-- = 2 [  BIT0 rds  + B ~ T O  * s s i n +  ds - B3Tt0 (+"s + 4 ' )  r d s  
a a0 

6 






